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Abstract

Understanding how much a group of individuals disagrees in their preferences is
a fundamental problem in collective decision-making. When the number of par-
ticipants and available options is large, measuring this disagreement rigorously
and efficiently becomes particularly demanding. The present study addresses this
challenge by introducing a formally grounded measure of preference heterogene-
ity for large-scale group decision-making settings, in which individual preferences
are expressed as complete rankings over a set of alternatives, allowing for ties.
The proposed measure is derived from Shannon’s entropy and quantifies the de-
gree of diversity in the distribution of individual preferences across a group. A
value of zero indicates full agreement, whereas higher values reflect greater dis-
persion of opinions. The measure is shown to satisfy a set of desirable normative
properties drawn from Social Choice Theory, including anonymity, neutrality,
and conditions governing how heterogeneity changes when the group or the set
of alternatives is modified. An axiomatic characterisation establishes that the
proposed measure is the unique index satisfying these properties jointly. The com-
putational simplicity of the measure makes it applicable to very large populations



without loss of tractability. Its practical performance is evaluated through ten
real-world ranked-choice elections from a publicly available preference database,
encompassing electorates of up to nearly three hundred thousand voters and up
to eleven candidates. Simulation experiments conducted under diverse proba-
bilistic scenarios further confirm the robustness and sensitivity of the measure
to variations in preference dispersion.

Keywords: Information-theoretic heterogeneity, Complete preorders, Preference
profiles, Uncertainty quantification, Behavioural diversity

1 Introduction

Preferences play a fundamental role in decision-making, shaping choices at both
individual and collective levels (see, for instance, [1]; [2]; [3]; [4]). The study of
decision-making is inherently multifaceted, encompassing a wide range of perspectives
aimed at understanding the complexity of human behaviour. While some research fo-
cuses on the cognitive and contextual factors that influence individual preferences,
other approaches address collective decision-making, where the aggregation of diverse
individual opinions introduces additional challenges. In particular, group decision-
making often faces substantial difficulties in achieving consensual outcomes because
of preference heterogeneity (see [2], [5], [6], [7], and [8], among others).

Measuring agreement in group decision-making has been extensively discussed in
fields such as Social Choice Theory and Decision-Making Theory. The notion of “con-
sensus” has been interpreted in multiple ways (see [9] and [10]). In the present work,
consensus is understood as a static evaluation of the degree of agreement within a
preference profile, without requiring individuals to modify their expressed positions’.
The aim here is to provide a global measure of cohesion based solely on the structure
of the observed preferences.

Achieving this goal requires formalising how preferences are represented and com-
pared. In many applications, preferences over a finite set of alternatives can be encoded
as rank vectors. However, analysing such preference data becomes increasingly com-
plex as the number of individuals and alternatives grows. A major challenge lies in
measuring preference heterogeneity without compromising the interpretability of the
underlying decision behaviour. This issue becomes particularly salient in large-scale
settings, where datasets often involve thousands of agents and numerous alternatives.

To address this challenge, the present study introduces an entropy-based approach
to quantify preference heterogeneity in group decision-making. The proposed use of
Shannon’s entropy is rooted in its well-established role in Information Theory as a
measure of uncertainty, but also draws conceptual inspiration from Statistical Mechan-
ics, where entropy reflects the degree of disorder in complex systems. This analogy is
particularly suitable for the analysis of large-scale preference structures.

LA related line of research investigates consensus-reaching processes, where individuals iteratively adjust
their preferences, often under the influence of a moderator [11].



Entropy has been used in previous studies to capture disagreement among pref-
erences (see, e.g., [12], [13], [14] and [15]), but typically under simplified frameworks
based on Likert-type scales, linear orders, fuzzy relations, or cardinal utilities. These
approaches do not consider the more general and demanding case of complete
preorders, which accommodate both strict preferences and indifference, and raise
additional theoretical and computational challenges.

Against this backdrop, the first objective of this study is to develop an entropy-
based approach for measuring preference heterogeneity, specifically in contexts where
individual preferences are modelled as complete preorders over a finite set of alterna-
tives. This class of preferences is more expressive than the simplified structures used
in previous work and covers a broader range of decision behaviours.

Moreover, unlike previous contributions that apply entropy heuristically or in a
purely descriptive manner, the present paper introduces a formally defined heterogene-
ity measure based on Shannon’s entropy. This formulation is supported by a rigorous
mathematical foundation and satisfies several desirable properties, including continu-
ity, replication invariance, convergence to unanimity, and alternative invariance. These
properties align with key normative principles from Social Choice Theory, including
unanimity, neutrality, and anonymity.

From an information-theoretic perspective, Shannon’s entropy offers a principled
and computationally tractable means of quantifying the uncertainty inherent in a
probability distribution and, by extension, the degree of dispersion in a group’s ex-
pressed preferences. A detailed justification for the choice of Shannon’s entropy over
alternative measures is provided in Section 2.4.

The second aim of this work is to analyse the main mathematical properties of the
proposed measure, including continuity, boundedness and grouping, and to provide
an axiomatic characterisation that uniquely identifies it under this set of normative
conditions.

The third objective is to evaluate the practical relevance of the measure through
empirical analysis, comparison with alternative indicators, and simulation experi-
ments. The measure is applied to ten real ranked-choice elections retrieved from the
PrefLib database, covering different electorate sizes, numbers of alternatives, observed
preorder supports, and preference distributions. A complementary comparison with
selected consensus- and distance-based indicators is then conducted for the same
profiles, providing insight into commonalities and differences between the proposed
information-theoretic index and existing measures of consensus or dissent. Finally,
simulation experiments based on different probabilistic models are used to assess the
response of the measure to controlled changes in concentration, multimodality, skew-
ness, and the number of distinct preorder types. Taken together, these analyses support
the interpretability, scalability, and practical usefulness of the proposed measure in
large-scale group decision-making settings.

The structure of the paper is as follows. Section 2 presents a review of the
main approaches for measuring preference heterogeneity and discusses the ratio-
nale for adopting Shannon entropy over alternative measures. Section 3 introduces



the required preliminary concepts and assumptions. Section 4 defines the proposed
entropy-based measure and examines its properties, including its axiomatic characteri-
sation. Section 5 provides empirical illustrations and simulation results. Section 6 offers
concluding remarks and outlines potential directions for future research. Finally, the
paper includes three appendices. Appendix A collects the notation used throughout
the paper, together with a summary of the main properties of the proposed measure
and their normative role. Appendix B contains the proofs of the properties established
in Subsection 4.1. Appendix C presents the proof of the axiomatic characterisation of
the measure.

2 Heterogeneity preference measurements in the
literature

A substantial body of literature has addressed the measurement of preference het-
erogeneity, also referred to as consensus measurement (see [16] for a review of
definitions), drawing on methodologies ranging from simple dispersion indices to ax-
iomatic frameworks and information-theoretic approaches. This section surveys the
main contributions, organised around three interconnected areas, and concludes with
a discussion of the rationale for adopting Shannon’s entropy in the present work.

The first area, discussed in Section 2.1, explores research from Social Choice
Theory, which characterises heterogeneity using axiomatic notions of agreement and
distance-based metrics applied to rankings and preorders. The second area, covered
in Section 2.2, focuses on Decision-Making Theory, particularly consensus frame-
works that employ fuzzy and linguistic representations. The third area, presented in
Section 2.3, examines entropy-based approaches, emphasising how measures derived
from Shannon’s work quantify disagreement within Likert-scale and fuzzy systems.
Table 1 provides an integrated summary of these contributions. The section concludes
with Section 2.4, which explains the rationale for specifically employing Shannon’s
entropy in this research.

2.1 Approaches from Social Choice Theory

From the perspective of Social Choice Theory, Bosch’s PhD thesis introduced the first
thorough examination and discussion of consensus measurement from an Arrovian
perspective [17]. McMorris and Powers characterised consensus rules defined on hier-
archies [18], and Garcia-Lapresta and Pérez-Roman examined consensus measurement
based on distances, considering complete preorders on alternatives [19]. Subsequently,
a family of linear and additive consensus measures was characterised by Alcalde-Unzu
and Vorsatz, and novel approaches to measuring preference similarity in a group were
proposed (see [20] and [21], respectively).

Alcantud, de Andrés Calle and Cascén conducted research on a particular type
of consensus measure, the referenced consensus measure. This measure enables the
construction of a numerical social evaluation using only ordinal individual data (for
details, see [22]). Furthermore, in [23], the authors made valuable contributions to the
analysis of the consensus measure mentioned above. Their analysis specifically centred



on two notable scenarios: the Borda rule and the Copeland rule, both evaluated using
a Kemeny-type measure.

From an alternative standpoint, in certain settings, individuals in a group may
categorise a set of choices as either acceptable or non-acceptable, agree or disagree,
etc., resulting in a binary preference structure. Based on this idea, Alcantud, de Andrés
Calle, and Cascon introduced the notion of an “approval consensus measure” and
provided axiomatic characterisations for two general types of these measures [24].
Erdamar et al. proposed a distance-based approach to measuring consensus, taking
into account approval information and rankings of alternatives [25].

Finally, Gonzélez-Arteaga, Alcantud and de Andrés Calle pioneered the application
of the Mahalanobis distance to the evaluation of heterogeneity in cardinal evaluations
and complete preorders (see [26] and [27], respectively).

2.2 Approaches from Decision-Making Theory

Within Decision-Making Theory, the foundational contribution of Kacprzyk and
Fedrizzi [28] introduced the concept of the “degree of consensus” under fuzzy prefer-
ence relations, establishing a framework that has since generated a substantial family
of consensus measures [29-34]. A parallel research strand has examined heterogene-
ity measurement when expert opinions are expressed through linguistic assessments,
employing multigranular, hesitant, or interval-valued representations [35-41].

2.3 Approaches based on Entropy Concepts

Entropy has emerged as a powerful and widely used tool for quantifying uncertainty
and diversity in decision-making processes. One of the earliest applications can be
found in the work of [42], who proposed Social Entropy Theory to study disorder and
structure in social systems, including group judgments. Although this contribution
is conceptual and sociological, it helped set the stage for quantitative entropy-based
approaches to disagreement.

A major advance came with the work of [12], who developed a consensus and
dissension metric explicitly based on Shannon entropy, designed to quantify the degree
of ordinal dispersion in group responses on Likert-type scales. This proposal interprets
consensus as a function of how concentrated or dispersed the responses are around the
mean of the distribution, making it one of the first direct and interpretable entropy-
based consensus measures for ordinal data.

Later, [43] proposed a refined measure of disagreement based on conditional prob-
abilities, formulating an entropy-based index that assesses consensus within groups
using Likert-scale data. This approach extends the idea of entropy to account for
conditional variability in responses, offering a probabilistic interpretation of group
consensus.

In the context of fuzzy preference relations, [14] introduced a consensus index
grounded in Theil’s entropy. This approach evaluates the level of agreement among
group members based on the randomness of fuzzy opinions. A comparative analysis
with traditional distance-based methods reveals that the entropy-based index behaves
similarly when applied to fuzzy settings, showing its usefulness for capturing consensus



under uncertainty [44]. However, its application is limited to fuzzy information and
does not extend to ordinal or complete preference structures.

Additional applications have emerged in multi-criteria decision-making contexts.
For instance, [45] introduced a consensus model that combines majority opinions with
entropy support to identify representative group decisions. Similarly, [46] proposed
a generalised entropy-based weighting method for group decision-making, which can
be used to assess the importance of decision criteria or alternatives based on their
informational contribution to the overall system.

These contributions represent important steps forward in the application of en-
tropy to preference analysis. However, most existing models are context-dependent
and tailored to specific data structures, such as Likert-type ratings, fuzzy relations,
or weighted voting. Furthermore, although they provide intuitive interpretations,
they are not typically grounded in a formal axiomatic theory of preferences. In ad-
dition, only a few of these models explicitly connect entropy measurement to a
statistical-mechanics-inspired interpretation of preference distributions.

On the other hand, some extensions of the entropy concept have appeared in
the literature, such as Quantum X-entropy [47, 48], which generalises von Neumann
entropy for quantum systems, and f-divergence [49], which measures dissimilarity be-
tween probability or belief functions. While these approaches are relevant in their
respective domains, their application to the present context does not appear straight-
forward, as the focus here is on adapting Shannon entropy to measure heterogeneity
in ordinal or preorder-based preferences.

2.4 Why Shannon Entropy for Measuring Preference
Heterogeneity?

The choice of Shannon’s entropy in this contribution is justified not merely by compu-
tational convenience, but also by a clear normative and operational rationale. Starting
from the observed profile, an empirical distribution over the complete preorder types
present in the group is induced; Shannon’s entropy then provides a canonical scalar
summary of that distribution, increasing with both the number of distinct types
and the evenness of their frequencies. This choice is further supported by an ag-
gregation (coarse-graining) principle: when preference categories are merged into a
coarser category, the resulting loss of heterogeneity should decompose coherently into
between-group and within-group components. Under continuity, boundedness, and this
consistency requirement under category aggregation, Shannon’s entropy is uniquely
singled out within the class of distribution-based indices.

The interpretation is also immediate. Entropy quantifies the uncertainty about the
preorder type of a randomly selected individual. This reading is particularly suitable
for ordinal data with indifferences, since it does not rely on metric embeddings or
pairwise interpersonal comparisons.

This reading also connects the proposed approach with the notion of social ho-
mogeneity studied in voting theory [50, 51]. In that literature, group coherence is
gauged by how likely two agents chosen at random are to share the same preference,
whereas the entropy-based perspective adopted here gauges the uncertainty about the



Table 1: Summary of heterogeneity measures in the literature.

Approach: Social Choice Theory

Reference Type of Measure Type of Information
17 Conceptual reasoning Linear orders

18 Consensus rules Linear orders

19 Distance-based consensus Complete orders
20 Linear and additive measures Linear orders

22 Referenced consensus measure Complete orders
23 Kemeny-type distance Complete orders
24 Approval consensus measure Binary

25 Distance-based consensus Binary + Ordinal
21 Similarity index Linear orders

26 Mahalanobis distance Cardinal

27 Mahalanobis distance Complete orders

Approach: Decision-Making Theory

Reference Type of Measure Type of Information
28 Degree of consensus Fuzzy preferences
35 Consensus index Linguistic

29 Soft Consensus Fuzzy preferences
36 Linguistic consensus index Multigranular

37 Consensus measure Linguistic

38 Agreement index Unbalanced

30 Aggregation functions Fuzzy

31 Consensus index Interval-valued
39 Distance-based consensus Hesitant

40 Consensus index Incomplete

32 Correlation degree Fuzzy preferences
41 Multicriteria Multigranular

33 Similarity-based index Fuzzy

Approach: Entropy-Based Methods

Reference Type of Measure Type of Information
[42] Conceptual entropy theory General / sociological
[12] Modified Shannon entropy Likert scale
[45] Entropy-based aggregation  Cardinal

method
[44] Uncertainty measure Linear orders
[43] Entropy-based index Likert scale
[46] Generalised entropy weights Ordinal or cardinal
[14] Theil-type entropy index Fuzzy preferences

preference of a randomly selected agent. Both viewpoints summarise the concentra-
tion or dispersion of a collective profile and coincide at the extremes: full coherence
under unanimity and maximal dispersion when all preference types are equally repre-
sented. They differ, however, in how intermediate dispersion is weighted. The proposed
measure may thus be regarded as an information-theoretic counterpart to classical
social-homogeneity indicators, adapted to the complete-preorder setting. A formal
statement of this correspondence is deferred to Section 4, once the required notation
has been introduced.

The computational and empirical advantages of the proposed measure, including
its linear complexity with respect to the number of observed preorder types and its
continuity-based robustness to small perturbations in the preference distribution, are
formally established in Subsection 4.1 and demonstrated empirically in Section 5.



Table 2 synthesises the comparative analysis developed across Subsections 2.1-2.3,
contrasting the three main methodological strands with respect to their structural
domain, computational scalability, axiomatic grounding, principal limitation, and
data requirements. The proposed entropy-based measure, presented in the final
row, addresses the gaps identified in prior work by operating on complete pre-
orders, thereby accommodating indifference, and by providing a formally axiomatised,
computationally efficient index applicable to large-scale decision-making settings.

Table 2: Methodological positioning of the proposed entropy-based measure.

Approach Preference Main strength Main limitation

structure
Social Choice  Linear orders, ‘Well-established distance- Many measures rely on pairwise
Theory complete pre- and similarity-based met- comparisons or distance compu-

orders, and binary
evaluations

rics with strong normative
foundations

tations, which may become com-
putationally demanding in large-
scale settings.

Decision-Making Fuzzy  preferen-  Flexible modelling of un-  Measures are often context-

Theory ces, linguistic certainty, vagueness, and dependent and may depend on
assessments, expert assessments the chosen linguistic, fuzzy, or
interval-valued or aggregation framework.
incomplete infor-
mation

Entropy-based Likert scales, Natural interpretation in Most existing proposals are de-

methods fuzzy preferences, terms of uncertainty, dis- signed for specific data struc-
cardinal or ordi- persion, or informational tures and are not formulated for
nal evaluations diversity complete preorders.

Proposed Complete Distribution-based, Currently formulated for

measure preorders scalable, and axiomati- complete preorders; exten-

cally characterised
entropy measure

sions to partial, truncated,
or noisy preferences remain
a direction for future re-
search.

3 Notation and starting hypothesis

This section introduces the basic definitions and outlines the problem formulation.

Let N
and let X

={1,...,n} be a group of agents, namely the agent set, with n = |[N| > 2,

= {z1,..

., Zx} be a finite set of alternatives, with k = |X| > 2.

It is assumed throughout that agents express their preferences over alternatives by
means of complete preorders, that is, reflexive, transitive, and complete (total) binary
relations on X, so that any two alternatives are always comparable, with indifference
corresponding to the case in which each is regarded as at least as good as the other.
This assumption allows the model to reflect the structure of decision-making situations
in which indifference between alternatives may occur.



The set of all complete preorders on X is denoted by W (X)), and ¢(k) denotes its
cardinality?, that is, ¢(k) = [W(X)|. Moreover, an enumeration, namely a complete
ordered listing, of the elements in W(X) is assumed.

Let R; € W(X) be the preference of agent ¢ on the set of alternatives X. The
notation zsR;x; means that alternative z is at least as good as x; for agent .

Let P = (R1,...,Rpn) € W(X) X ... x W(X) = W(X)" be a preference profile
of the group of agents N on the set of alternatives X. Let P(X) denote the set of
all preference profiles, that is, P(X) = (J,,-, W(X)". The preference profile P is
unanimous with respect to R if P = (R,...,R), i.e., the preferences on X are the
same for all agents.

Any permutation 7 of the alternatives {z1,...,2;} determines a permutation of
every preference R; € W(X) via z, "R; &y <= Tr(s)Ri T for all s,t € {1,...,k}
and i € {1,...,n}. Consequently, to each P and 7, there is associated a preference
profile "P = ("Rq,...,” R,). Likewise, any permutation o of the agents {1,...,n}
determines a permutation of P by P? = (R,(1), -+, Ro(n))-

For each preference profile P € W (X)™, its restriction to a subprofile of the agents
in I C N is denoted by P! and is obtained by selecting precisely those preferences of
P that are associated with the agents® in I. For brevity, P’ is written instead of P!
when I = {i}. Any partition {I1,...,I;} of N generates a decomposition of P into
preference subprofiles P, ..., P! such that P11VRYU--Uls — P

Given a subset X4 of X, Rjx, denotes the restriction of R to X4 and Pix,
denotes the restriction of P to X 4.

Suppose that a set of ¢ new agents is incorporated into N in the following manner,
N = {1,....,n,n+1,...,n + q}. The set N” is called the extended agent set.
An extension of a preference profile P € P(X) is a new profile, P?, such
that it includes the preferences of the ¢ agents added to N, i.e.,
P = (Ri, .., Ro,Rus1,---» Rutq) € P(X). For simplicity, P is written instead of
P
__ Suppose that ¢ mnew alternatives are added to X, such that
X? = {x1,..., %k, Tht1;---,Thtq) denotes the ewxpanded set of alternatives. The
set of all complete preorders on X¢ is denoted by W(X9). R; € W(X9) is
called the expanded preference of agent i on X4. An expanded preference profile
P? = (Ry,...,Ry) € W(X?)™ is a new preference profile such that each R; is the
expanded preference of agent i on X9. Let P(f(q) denote the set of all expanded
preference profiles.

Finally, a replication of a preference profile P = (Ry,...,R,) € W(X)" of the
group of agents N on X is the profile P &P € W(X)?" obtained by duplicating each

2Note that ¢(k) = Z?:O j!- S(k,j) where S(k,j) is the Stirling number of the second kind (see [52] for
details).
3Here I is a subset of N that contains, in the same order, elements of N.



individual preference. Thus,
PUIP=(Ri,....,Rn,R1,...,Rn).

Equivalently, for each i = 1,...,n, the preference occupying position n + ¢ in the
replicated profile is identical to the preference R; occupying position ¢ in the original
profile.

For clarity, the notation employed throughout the paper is summarised in Appendix A,
Table Al.

The next definition formalises the distribution associated with a profile P € P(X)
under a fixed enumeration of W(X).

Definition 1 Assume an enumeration of W(X). Let P = (R1,...,Rn) € P(X) be a

preference profile. The distribution of the profile P is a discrete probability distribution,
p(P) = (pi);bgi), whose i-th component is the proportion, or relative frequency, of agents in

‘P whose preference coincides with the i-th preorder of W(X), that is,

p: P(X) — [0,1)°)

P —p(P) = (pr,spory) = 02

with
_#{RjE’PZ 'RiERj}

n

(1)

pi

When there is no ambiguity, the dependence of the distribution components on
the profile will be omitted, i.e., p; = p;(P).

Remark 1 Since p; > 0 for ¢ = 1,...,¢(k) and ZTZ(I? p; = 1, it follows that p(P) is a

probability mass function.

Remark 2 The discrete probability distribution p(P) may be interpreted as an experimental
probability, or relative frequency, of the preorders in P, since it is obtained by dividing the
number of agents holding each preorder by the total number of agents in P. Two readings of
this distribution must be distinguished. Under the descriptive reading adopted throughout
this paper, the observed profile constitutes a complete enumeration, effectively a census, of
the group under study; p(P) is then the exact relative-frequency distribution of the preorder
types within that group, and any quantity computed from it describes the observed group,
with no inferential claim about an unobserved population. This reading is appropriate because
group decision-making problems are not standard statistical experiments, and there may be
no possibility of repeating them an indefinite number of times; accordingly, the approach
adopted here is grounded in the frequency interpretation of probability, one of the most
widely used interpretations of the concept (further details can be found in [53], [54], [55] and
[56], among others).

Under an inferential reading, by contrast, the observed profile would be regarded as a
finite sample drawn from a larger population, and p(P) as the plug-in, or relative-frequency,

10



estimator of the population type-probabilities. In that case, the estimator is known to be
negatively biased in finite samples, and any generalisation beyond the observed agents would
require sampling-based uncertainty quantification, for instance through a Miller-Madow bias
correction or resampling (bootstrap) confidence intervals. The continuity property established
in Subsection 4.1 ensures that such sampling perturbations induce only small variations in
the index, which supports the stability of comparisons across samples; a formal inferential
treatment lies beyond the present scope and is identified as a direction for future research.

The following example is presented to illustrate the concept of the discrete
probability distribution of P.

Ezample 1 Let N = {1,...,5} be a set of five agents who provide their preferences over the
set of three alternatives X = {x1,x2, 3} by means of the following preference profile:

X1 = T2 > I3

x3 = T2 ~ T
P=(Ri1,R2,R3,R4,R5) = | 21 = 2 = 23 | € W(X)°.

xr3 ~ T2 > T

xr3 > T1 > T2

To determine the discrete probability distribution associated with P, an enumeration of
the thirteen complete preorders on the three alternatives must first be fixed. Table 3 provides
the enumeration adopted in this example. Accordingly, the discrete probability distribution
of P is ) -

p(P) = (0,0,0, 5,0,0,0,0, 55 57O,0> .

The methodological approach developed in this contribution is independent of the par-
ticular enumeration of the preorders. An enumeration of W(X) is required only when the
discrete probability distribution is written in vector form. Since the entropy-based hetero-
geneity measure depends only on the collection of strictly positive frequencies and not on
their positions in the enumeration, its value is unaffected by this choice.

| =

Table 3: Enumeration of all complete preorders in W(X), for
X = {w1, 12,23}

i-th : R
1: x1 ~ a2 ~ a3 6: x1 > T3 > T2 10: 3 > x1 > 2
2: 1 ~ X2 > T3 T:xo > x1 ~ T3 11: xo ~ x3 > T1
3:x1 > T2 ~ T3 8:x2 > x1 > T3 12: 29 > x3 > =1
4: x1 > T2 > T3 9: x3 > x1 ~ T2 13: 3 > x2 > =1
5:x1 ~x3 > T2

11



4 Heterogeneity preference measure: an approach
based on Shannon entropy

From the perspective of the representational theory of measurement, preference struc-
tures can be represented in various ways (see, e.g., [57], [58], [59], [60] and [61]).
Depending on the representation adopted, different econometric and statistical stud-
ies have examined the measurement of preference heterogeneity. To the best of current
knowledge, however, a general theoretical definition of a preference heterogeneity mea-
sure has not yet been established. Related empirical and econometric treatments of
preference heterogeneity can be found, for instance, in [62], [63], [64], [65] and [66],
among others.

This section develops a theoretical framework for measuring preference heterogene-
ity, with particular emphasis on the entropy-based heterogeneity preference measure.
The contribution lies in the formal definition of the object to be measured, the intro-
duction of an entropy-based specification, and the analysis of the normative properties
satisfied by this specification.

Definition 2 Let P = (Ry,...,Rn) € P(X) be a preference profile. A heterogeneity
preference measure on P(X) is a mapping

0:P(X)—[0,00)
that assigns a non-negative value to every preference profile and satisfies
0(P)=0 <= R;y=---=Ry.

That is, 6(P) = 0 if and only if the preference profile is unanimous. This condition is referred
to as minimum preference heterogeneity.

The following additional requirements will be considered.
1. Preference neutrality. For every permutation 7 of the alternatives,
6("P) = 4(P).

Thus, the heterogeneity value is invariant under relabelling of the alternatives.

2. Preference anonymity. For every permutation o of the agents,
0(P%) =6(P).
Thus, the heterogeneity value is invariant under relabelling of the agents.

A specific preference heterogeneity measure is now introduced. The proposed mea-
sure takes as input the discrete probability distribution induced by a preference profile
over the set of complete preorders and assigns to it a single non-negative value. This
value is equal to zero under complete preference homogeneity and is strictly positive
whenever more than one preorder type is observed in the profile.

12



Definition 3 Let P = (R1,...,Rn) € P(X) be a preference profile. The entropy-based
heterogeneity preference measure on the preference profile P € P(X) is the mapping
dr : P(X) — [0, 00) given by

su(P)=—= > pilogpi, (2)

i=1,. (k)
pi;>0

where (pz)?:(]i) denotes the discrete probability distribution of the profile P.

Remark 8 The condition p; > 0 is imposed because the logarithm function is not defined
at zero. Nevertheless, since lim,_,y+ xlogx = 0, the previous definition can be extended by
continuity to p; = 0. From now on, the condition p; > 0 will be omitted for simplicity.

Remark 4 The entropy-based heterogeneity preference measure admits a natural reading
alongside the social-homogeneity indicators used in voting theory [50, 51]. A prominent such
indicator is the coincidence probability

op) = pr,

namely the probability that two agents drawn at random from the group hold the same
complete preorder, whereas

S (P) == pilogpi

quantifies the uncertainty about the preorder type of a randomly selected agent. The two
quantities are aligned at the structural extremes: under unanimity, o(p) = 1 and é(P) = 0;
under the uniform distribution over W(X), o(p) = 1/¢(k) and d g (P) = log ¢(k). They differ
in how intermediate dispersion is weighted™.

Remark 5 Building on the inferential reading discussed in Remark 2, when the observed pro-
file is regarded as a finite sample, §(P) acts as the plug-in estimator of the population
entropy, which is negatively biased in finite samples; corrections such as the Miller—-Madow es-
timator [67], or bootstrap confidence intervals, may then be applied. The bias and consistency
of plug-in entropy estimators are studied in detail by Paninski [68].

In applications involving different numbers of alternatives, it is useful to work with
a normalised version of the entropy-based heterogeneity preference measure, so that
values are expressed on a common unit interval.

Definition 4 Let P = (R1,...,Rn) € P(X) be a preference profile over a finite set of
alternatives X, with |X| = k > 2. The relative entropy-based heterogeneity preference measure
is defined by

_ u(P)
11(P) = 1 )

4The coincidence probability is closely related to the order-two Rényi entropy, since — log o(p) coincides
with Hz(p), whereas the proposed measure corresponds to the limiting order-one case, the Shannon entropy
Hi(p). Under the recursive grouping condition used in Subsection 4.2, this limiting case is the entropy
functional selected by the characterisation theorem.
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Figure 1: Sequential process from the preference profile to the entropy-based hetero-
geneity measure.

Since ¢(k) denotes the number of complete preorders on X, the denominator
log(¢(k)) is the maximum attainable value of dy (see Subsection 4.1). Hence, this
measure takes values in [0, 1], where 0 corresponds to unanimity and 1 corresponds to
the case in which all complete preorders in W(X) are equally represented.

Note that the definition of the entropy-based heterogeneity preference measure
(Definition 3) depends only on the strictly positive components of p(P), and not on
their position. This implies that the enumeration in W(X) is irrelevant to the defini-
tion of the entropy-based heterogeneity preference measure. With this in mind, and
to shorten notation, the discrete probability distribution of a profile P will be delim-
ited by parentheses when all components are reported, i.e., when an enumeration of
W (X)) is required, p(P) = (p,)f(l) When only the set of strictly positive components
is written and the order is irrelevant, the discrete probability distribution of a pro-
file P will be delimited by braces, p(P) = {pa, }'™,, and the m indices of the strictly
positive components of the profile discrete probability distribution will be listed as

{ag,...,;ant €{1,2,...,06(k)}.
Figure 1 shows the sequential process of the proposed approach.

To make the definition concrete, consider the preference profile P from Example 1
and its associated discrete distribution p(P). Depending on whether an enumeration

of W(X) is fixed, this distribution can be represented in two equivalent ways:

e If an enumeration of W (X)) is required, p(P) is written as a vector in parentheses:
2 111
P) = 070307_707070707_7_7_7070 .
p(P) ( 5 555 >

e If no enumeration of W(X) is required, p(P) is written as a multiset of its nonzero
components in braces:



The two representations of p(P) differ in the information they retain. The vector
form (pz)fz(li) specifies both the probability values and their positions in W(X), that
is, the identities of the complete preorders that are actually present in the profile. By
contrast, the braced form retains only the strictly positive probability values, viewed
as an unordered multiset, and therefore discards positional information.

For the computation of the entropy-based heterogeneity preference measure dg,
however, this positional information is irrelevant. Since dg depends solely on the mul-
tiset of strictly positive probability values, and not on the specific complete preorders
in W(X) to which those values are assigned, both representations lead to the same
value of dg. Consequently,

o (0)7) = 011 ({pa 1)

This equivalence is specific to §g and does not extend to heterogeneity measures that
are sensitive to the identity of the preorders present in the profile.

Ezample 1 (continued) Once the entropy-based heterogeneity preference measure has been
defined, Equation (2) can be applied to the profile P of Example 1, whose distribution over
the preorder types with strictly positive frequency is

111
p(P)— {3’5’5’5}

2 2 1.1 2 5 3
) = ZlogZ —3-log= = ~log > + Zlog 5 ~ 1.3322.
u(P) plogz —3-log = clogo + o log

This yields

The corresponding relative entropy-based heterogeneity preference measure is

_ ou(P) _ou(P) _
Onr (P) = 1OZ¢<3) - lfg 13"

Having established that the definition is independent of the chosen representa-
tion of p(P), it is now shown that the entropy-based index defines a heterogeneity
preference measure and satisfies the additional requirements of preference neutrality
and preference anonymity.

Lemma 1 The entropy-based heterogeneity preference measure 0 is a heterogeneity prefer-
ence measure. Moreover, it satisfies preference neutrality and preference anonymity.
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Proof First, §i(P) € [0,00), since it is a sum of non-negative terms. Indeed, for every ¢ such
that p; > 0, 0 < p; < 1 implies —log p; > 0, and hence —p; logp; > 0.
It remains to prove that the minimum preference heterogeneity condition is satisfied. By

definition,
¢(k)
og(P)=0 <= = pilogp;=0. 3)
i=1

Since every term —p; log p; is non-negative, the previous equality holds if and only if
pilogp; =0,  Vi=1,...,6(k). (4)

Thus, for every ¢ = 1,...,¢(k), either p; = 0 or p; = 1. Since Z?(ﬁ) p; = 1, there exists an

index j € {1,...,¢(k)} such that p; = 1 and p; = 0 for every i # j. Therefore, all agents in
P express the same complete preorder, and the preference profile is unanimous. The converse
implication is immediate, since a unanimous profile induces a degenerate distribution with
one component equal to one and all remaining components equal to zero.

Finally, preference neutrality and preference anonymity follow from the fact that per-
mutations of alternatives and permutations of agents only permute the components of the
distribution associated with the profile, without changing their values. Since d 7 depends only
on the multiset of strictly positive probability values, it follows that

5u("P) =du(P)
for every permutation 7 of the alternatives, and
ou(P?) =0du(P)

for every permutation o of the agents. O

Once the proposal has been introduced, the following subsection discusses its
properties and behaviour.

4.1 The entropy-based heterogeneity preference measure:
properties and behaviour

The main theoretical properties of the entropy-based heterogeneity preference measure
are formally defined in this section and summarised in Appendix A, Table A2, while
the corresponding proofs are provided in Appendix B. These properties reinforce the
theoretical soundness of the measure and clarify its normative and operational inter-
pretation in group decision-making settings. Continuity ensures stability under small
changes in the empirical distribution of preferences. Non-negativity and the zero value
under unanimity provide a direct interpretation of heterogeneity as departure from
complete agreement. The maximum value log ¢(k) provides a natural benchmark for
comparison and normalisation. Alternative invariance ensures that the measure is not
affected by unanimously ranked enlargements of the alternative set, whereas replica-
tion invariance guarantees invariance under changes in population size that preserve
relative frequencies. Convergence to unanimity captures the disappearance of hetero-
geneity when an increasingly dominant group shares the same preference, whereas
grouping formalises the entropy loss associated with merging preference categories.
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(i)

(i)

(iii)

Continuity. Let P = (R1,...,Ry) € P(X) be a preference profile and (pl)f;(li)
its discrete probability distribution. The entropy-based heterogeneity preference
measure, d(P), can be extended by continuity from [0, 1]¢*) to RT.

Non-negativity. Let P = (Ri,...,R,) € P(X) be a preference profile
and (pz)‘f:(ﬁ) its discrete probability distribution. The entropy-based hetero-
geneity preference measure, oy (P) is a strictly positive function when P is

non-unanimous.

Boundedness. Let P = (R4, ..., R,) € P(X) be a preference profile and (pl)f):(li)
its discrete probability distribution. The maximum value of the entropy-based
heterogeneity preference measure is log ¢ (k).

The following property provides the formal expression, within the present
preference-heterogeneity framework, of the aggregation (coarse-graining) ratio-
nale underlying Shannon entropy. It captures the entropy loss associated with
merging two preference categories into a single one. From a practitioner’s per-
spective, this axiom can be interpreted as the action of a moderator who guides
the population toward a common agreement by consolidating distinct alterna-
tives. Consequently, Eq. (5) serves to quantify precisely the gain in preference
homogeneity, or consensus, resulting from such a deliberation process.

Grouping. Suppose a preference profile P € P(X) and two disjoint sets {1, I2}
of N with cardinalities |I;| = n; and |Is| = ng, respectively. These two sets
induce the partition {I, Iz, N\(I; U I3)}. It is assumed that the agents’ opin-
ions on X are unanimous within each set, but different between them. Let
Pl = (Ry,...,R1) € P(X) be the preference subprofile of the agents in Iy,
where R is their unanimous preference on X, and P2 = (R,,...,Rs) € P(X)
be the preference subprofile of the agents in I5, where R4 is their unanimous pref-
erence on X, such that Pt = (Ry,...,R1) # P2 = (Ry,...,R2). Moreover,
agents in N\ (/; U I3) have opinions different from R, and R.

In this case, if all agents included in I change their preferences on X so that
they unanimously abandon Ry and unanimously adopt R, generating the prefer-
ence profile P, the entropy-based heterogeneity preference measure of P is given
by:

— ny + no

—E5(PhVR). (5)

Alternative invariance. Let X = {z1,...,2;} be a set of alternatives and
X9 = {z1,...,Th,Tht1,-- -, Thtq) be its expanded set. Let P = (Rq,..., Ry,) €

P(X) be a preference profile, and let P9 = (7%17 . ,ﬁn) € P(f() be any expanded
preference profile such that the new alternatives are unanimously ordered by all
agents, that is, Ril (s, 1....anse} = Ril{arsr,onsq)s foralli, j € {1,...,n}. Then,
the entropy-based heterogeneity preference measure of the expanded preference
profile P4 is equal to the original one. Formally,

51 (P) = 6 (P9). (6)
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(vi) Replication invariance. Let P € W(X)" be a preference profile and
PP e W(X)?" be a replication of P. The entropy-based heterogeneity prefe-
rence measure does not change when the preference profile P is replicated.
Formally,

0 (P) =3du(PyP). (M)

(vii) Convergence to unanimity. This property establishes that if ¢ new agents
are repeatedly introduced to IN such that their preferences on X coincide, the
entropy-based heterogeneity preference measure of the extended preference profile
approaches zero as ¢ tends to infinity. Formally,

Let N be an agent set and P = (Ry,...,R,) € W(X)" be a prefer-
ence profile associated with N. Suppose that ¢ new agents are added to N,
N¢={1,...,n,n+1,...,n+q}, and suppose that the extension of P associated
with N9, P4 = (Ry,...,Rn, Rnt1s-- -, Rutq) € W(X)"H, is defined such that
Ryn=Rnt1=...=Rptq. Then,

lim 65 (P?) = 0. (8)

q— 00

Remark 6 The grouping property allows the decrease, or loss, of entropy to be quantified
when two groups of individuals reach a unanimous decision. This property will be key to
characterising Shannon entropy in the following section. Although other forms of entropy
have been proposed in the literature, e.g., Tsallis and Rényi [69], their structures do not
readily allow for the measurement of this effect. Consequently, they are excluded from the
present study.

4.2 Necessary and sufficient conditions for the entropy-based
heterogeneity preference measure

In the vein of established axiomatic traditions in Social Choice Theory, an axiomatic
characterisation of the entropy-based heterogeneity preference measure is provided
in this section, with the aim of establishing it as a theoretically sound and uniquely
determined index. The proof strategy adapts the classical characterisation of the
information function due to Tverberg [70], which establishes that any real-valued func-
tion on finite probability distributions satisfying continuity, symmetry, and a specific
recursive decomposition property must be proportional to Shannon’s entropy.

It should be noted, however, that the contribution of the present result does not re-
side in the proof technique itself, which is adapted from Tverberg’s original derivation,
but in its systematic transposition to the domain of preference heterogeneity mea-
surement over complete preorders. This transposition involves three elements that are
entirely absent from Tverberg’s result: (i) the construction of a probability space over
the set of all complete preorder types induced by an observed preference profile, which
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requires the structural apparatus developed in Sections 3 and 4; (ii) the formulation
and normative justification of domain-specific axioms, particularly alternative invari-
ance and the grouping property (iv), whose interpretation is grounded in the structural
properties of collective preference profiles rather than in abstract information-theoretic
considerations; and (iii) the proof that this specific combination of axioms uniquely
characterises 0y within the class of continuous distribution-based heterogeneity mea-
sures defined over complete preorders, a result that had not previously been established
in the preference measurement literature.

Theorem 2 Let 6 : P(X) — [0,00) be a heterogeneity preference measure on P. Then,
0 =y if and only if 0 verifies (i)-continuity, (iii)-boundedness, and (iv)-grouping.

A detailed proof of Theorem 2 can be found in Appendix C. In what follows, the main
ideas underlying the argument are presented.

Outline of the proof

The necessity of the result follows directly from the preceding sections. The proof of
sufficiency is developed in three stages. In the first stage, the problem is reduced to the
case where agents express binary opinions. Under this assumption, the discrete prob-
ability distribution depends on a single parameter, namely the probability of success
p. The aim is therefore to identify a function, interpreted as a measure of preference
heterogeneity, that depends on a single variable. The combination of properties (i)
and (iv) leads to a differential equation, which admits an analytical solution up to
a multiplicative constant. Although straightforward, the derivation involves technical
computations and requires some elements of analysis. In the second stage, a simple
inductive argument, in which property (iv) plays a crucial role, extends the measure
to the general case. In the final stage, the value of the constant is determined using

property (iii).

5 Empirical and simulation analysis

This section evaluates the proposed entropy-based heterogeneity measure through
three complementary exercises. First, the measure is applied to ten ranked-choice
elections obtained from PrefLib: A Library for Preferences®. These empirical cases
illustrate the behaviour of the index in real preference profiles with different elec-
torate sizes, numbers of alternatives, observed preorder supports, and preference
distributions.

Second, a complementary comparison with selected consensus- and distance-based
indicators is provided for the same election profiles. Since these measures are orig-
inally formulated as consensus indices, they are transformed into dissent indicators
to make their orientation comparable with the entropy-based heterogeneity measure.

Shttps://www.preflib.org
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The comparison is intended to provide empirical intuition about similarities and dif-
ferences between the proposed information-theoretic index and existing reference- or
distance-based approaches, rather than to constitute an exhaustive benchmarking
exercise.

Third, simulation experiments are conducted under controlled distributional pat-
terns. These experiments complement the real election analysis by assessing how the
measure reacts to changes in concentration, multimodality, skewness, and the number
of distinct preorder types.

5.1 Case Studies: Real Elections

The empirical analysis is based on ten elections conducted under ranked-choice voting
rules, selected from the PrefLib electoral preference database (https://www.preflib.
org). The primary motivation behind the selection of these specific ten datasets was
to ensure data completeness while covering a wide structural variety, characterised
by different numbers of alternatives (k) and substantially varying electorate sizes (n).
This structural diversity makes it possible to demonstrate that the underlying entropy-
based heterogeneity calculation is robust and not inherently driven by sample size.

When using the PrefLib database for the cases considered, structures are observed
where voters can select multiple candidates per position, and candidates can appear
repeatedly across different positions. This generates voting profiles that include
rankings and ties (represented within braces), as well as repetitions that suggest a
higher intensity of approval (e.g., A,B,C,D; A {B,C},D; {AB},{A,B},{A,B},{C,D}
or B,.B,B,{A,C,D}). In this work, these profiles are transformed into preorders by
ignoring this intensity. Specifically, the aforementioned cases are converted into
A-=B>~C»>D,A>~B~C»D, A~B>C~D,and B> A~C ~ D,
respectively. This methodology implies a deliberate simplification of the original
information, ignoring candidate redundancy to focus exclusively on the hierarchy of
the preference order. Consequently, after this preprocessing step, all structures are
successfully mapped, and each retained ballot is interpreted as a complete preorder
over the set of alternatives, that is, a ranking that may involve indifference (ties)
between candidates without introducing informational bias. Indifference is indeed
present in the data: in several elections the number m(P) of observed preorder types
exceeds the k! strict linear orders, which confirms that the empirical profiles genuinely
exploit the complete-preorder structure rather than reducing to linear orders. The
aim is to assess whether the proposed measure remains informative when the number
of voters is large and the theoretical space of complete preorders grows rapidly with
the number of candidates.

Table 4 reports the elections included in the analysis, grouped by the number of
candidates. Two cases are considered for each value of k € {4,5,7,9,11}, allowing
comparisons between elections with the same number of alternatives. The table also
reports the cardinality of W(X), which increases sharply with k and illustrates the
rapid growth of the theoretical preference space.

The main empirical results are reported in Table 5. The table includes the number
of voters, the number m(P) of distinct complete preorders observed in each profile,
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Table 4: Real examples included in this contribution.

Number of candidates Cardinality of W(X) Real election examples

2010 Berkeley City Council

4 & 2009 Pierce County Auditor

5 541 2000 American Psychological Association
2008 Pierce County Executive

7 47,293 2009 Mlnneapolls Board of Estimate and
Taxation
2008 Pierce County Assessor Treasurer

9 7,087,261 2009 .Ml.nneapohs Park and Recreation
Commissioner
2012 San Francisco Board of Supervisors

11 1,622,632,573 2010 Oakland Mayoral

2007 Glasgow City Council

the entropy-based heterogeneity measure dg(P), and its normalised version dg,, (P).
These metrics allow for meaningful comparisons across different types of electorates.
For instance, the 2000 American Psychological Association (APA) election is partic-
ularly relevant in this context: this dataset involves a highly specialised professional
organisation where a greater degree of consensus or structured agreement is conceptu-
ally expected, contrasting sharply with a strongly polarised municipal general election
such as the 2010 Oakland mayoral race.

In addition, to clarify the interpretation of the relative index, the table also re-
ports a decomposition of §z, (P) into an observed-support component and a coverage
component.

The interpretation of dz,, (P) requires particular care. This index is normalised by
log ¢(k), where ¢(k) denotes the total number of complete preorders on k alternatives.
Since ¢(k) grows very rapidly with k, a lower value of dg, (P) for larger k may partly
reflect the increasing size of the theoretical preference space, rather than a lower degree
of heterogeneity among the observed preorder types alone.

To disentangle these two effects, the following decomposition is considered:

ou(P) _ du(P) logm(P)
log¢(k)  logm(P) logo(k)

where m(P) denotes the number of distinct complete preorders observed in the pro-
file. For m(P) > 1, the first factor, i (P)/logm(P), provides a support-conditional
ratio that measures the evenness of the observed preference distribution relative to
the preorder types actually represented in the data. The second factor quantifies
the logarithmic coverage of the complete theoretical preorder space by the observed
support.
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The distinction between these two components is important. A value of
0 (P)/logm(P) close to one indicates that the probability mass is distributed rel-
atively evenly across the preorder types actually observed. However, this ratio does
not indicate how large the observed support is relative to the full space W(X). That
complementary information is provided by log m(P)/log ¢ (k).

In the empirical cases considered, the support-conditional ratio é7(P)/logm(P)
remains relatively high across all ten elections, with values between approximately
0.63 and 0.89. By contrast, the coverage term logm(P)/log ¢(k) decreases markedly
as k increases. Consequently, the lower values of d7, (P) observed for larger candidate
sets are mainly associated with the rapid growth of the complete preorder space rather
than with an extreme concentration of the observed preferences.

Accordingly, 0z, (P) should be interpreted as a full-space relative heterogeneity
index, whereas dp (P)/log m(P) provides a complementary assessment of the evenness
of the preference distribution conditional on the support actually observed.

Table 5: Summary of real examples and decomposition of the relative entropy index.

dg(P) logm(P)

k  Real examples Voters m(P) 0 (P) 0m,(P) Togm(P) log o(k)

4 2010 Berkeley City Council 4,189 39 2.63 0.61 0.718 0.849
election
2009 Pierce County Auditor 153,721 45 241 0.56 0.633 0.882
election

5 2000 American Psychological 20,239 205 4.72 0.75 0.887 0.846
Association election
2008 Pierce County Executive 298,788 99  3.35 0.53 0.729 0.730
election

7 2009 Minneapolis Board of 32,086 210  3.69 0.34 0.690 0.497
Estimate and Taxation
election
2008 Pierce County Assessor 262,312 296  4.46 0.41 0.784 0.529
Treasurer election

9 2009 Minneapolis Park and 36,655 470  4.79 0.30 0.779 0.390
Recreation Commissioner
election
2012 San Francisco Board of 35,183 436  5.15 0.33 0.847 0.385
Supervisors election

1 2010 Oakland Mayoral election 119,962 1,090  4.90 0.23 0.701 0.330
2007 Glasgow City Council 8,803 2,202 5.74 0.27 0.746 0.363
election

Figure 2 provides a visual representation of the two complementary perspectives on
relative preference heterogeneity introduced above. In both panels, each point corres-
ponds to an election, the horizontal axis reports the number of distinct complete
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preorders observed, m(P), and bubble size is proportional to the number of voters.
Panel (a) displays the relative entropy-based heterogeneity measure 7, (P), whereas
Panel (b) displays the ratio d5(P)/logm(P).

The comparison between the two panels clarifies the effect of the rapidly ex-
panding theoretical preference space. While d7, (P) tends to attain lower values in
elections with larger candidate sets, the values of 5 (P)/logm(P) remain relatively
high across all ten elections. Consequently, the lower values of dzr, (P) observed for
the higher-cardinality cases should not be interpreted as evidence of a strongly con-
centrated distribution over the preorder types actually observed. Instead, they are
largely associated with the decreasing coverage of the complete-preorder space, as cap-
tured by the term log m(P)/ log ¢(k). The two panels therefore provide complementary
information: Panel (a) evaluates heterogeneity relative to the full set of theoreti-
cally admissible complete preorders, whereas Panel (b) evaluates the evenness of the
preference distribution conditional on the support observed in the data.

While the values in Table 5 allow for comparative assessments, they do not provide
absolute thresholds for classifying heterogeneity levels across cases. Establishing such
benchmarks would require a broader empirical calibration and constitutes a relevant
direction for future research. Nevertheless, the results illustrate the scalability and
interpretability of the proposed measure in large preference profiles. In particular,
the measure remains computable and informative despite two central challenges in
preference aggregation: the rapid growth of the set of complete preorders as k increases
and the large cardinality of the agent set.

5.2 Comparison with consensus- and distance-based dissent
indicators

To further clarify the empirical behaviour of the entropy-based heterogeneity measure,
a focused comparison with established consensus-based approaches was conducted.
Two families of indicators were considered. First, the reference consensus measure
of [23] was computed using the Borda and Copeland reference rankings. Since this
measure is formulated as a consensus indicator, attaining larger values as the profile
approaches the corresponding reference ranking and taking values in the unit interval,
the associated reference dissent measure was defined, in order to align its orientation
with the entropy-based index, as

RDM =1— RCM € [0,1].

Two variants were obtained, the Borda- and Copeland-based measures, denoted by
RDMy and RD Mc, respectively.

Second, the consensus measure proposed in [19] was also considered. In that contri-
bution, consensus is evaluated through the distance between complete preorders, and
a family of such measures is examined within a common framework according to the
distance employed. To express the results in terms of dissent rather than consensus,
the transformation

D=1-Me€]0,1]
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(b) Ratio dg(P)/logm(P), evaluated relative to the complete preorder types ac-
tually observed in the profile.

Figure 2: Summary of the real election examples under two complementary relative
entropy perspectives. Each bubble denotes one election. In both panels, the z-axis
reports the number of distinct complete preorders observed, m(P), bubble size is
proportional to the number of voters, and colour intensity represents the quantity
displayed on the corresponding y-axis. Panel (a) reports dg, (P), whereas Panel (b)
reports o (P)/log m(P).

was applied to each measure, where M denotes the corresponding consensus measure,
normalised to the unit interval. The six resulting dissent indicators correspond to the
distances considered in [19]: the discrete distance, the Manhattan distance (¢1), the
Euclidean distance (f2), the Chebyshev distance (£.), the cosine distance, and the
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Kemeny distance, and are denoted by Dgisc, DManhs DEucs Dchebs Pcos, and Dxem,
respectively.

This normalisation makes all indicators directionally comparable: larger values
of 0r,(P), RDM, and D reflect, respectively, greater heterogeneity, dissent, or dis-
agreement. The comparison should nonetheless be read with caution, since the indices
rest on different principles. The entropy-based measure summarises the informational
dispersion of the empirical distribution of complete preorder types; RDM evaluates
disagreement relative to a single reference ranking; and the D-indicators quantify a
distance-based departure from consensus under a specific representation of complete
preorders.

Table 6: Comparison between the relative entropy-based heterogeneity measure and
alternative dissent indicators.

. Entropy Reference dissent Distance-based dissent
k Real election

dup RDMp RDMc  Daisc Dmanh Dguc Dcheb Dcos  Dxem

Berkeley City Council, 0.6099 0.6815 0.6815 0.9092 0.4125 0.4548 0.5079 0.2611 0.3257
2010

Pierce County 0.5586  0.6842  0.6842  0.8852 0.3713 0.4112 0.4560 0.2218 0.2958
Auditor, 2009

American 0.7494  0.5205 0.5205 0.9835 0.5861 0.5992 0.6769 0.4082 0.4561
Psychological
Association, 2000

Pierce County 0.5323  0.4880 0.4880 0.9464 0.4979 0.5207 0.6014 0.3272 0.3871
Executive, 2008

Minneapolis Board of 0.3429 0.3776 0.3776 0.9223 0.3757 0.4327 0.5434 0.2367 0.2884
Estimate and
Taxation, 2009

Pierce County 0.4148  0.3750 0.3759 0.9756 0.4620 0.5175 0.6248 0.3113 0.3639
Assessor Treasurer,
2008

Minneapolis Park and 0.3037  0.3091 0.3092 0.9765 0.3918 0.4744 0.6011 0.2672 0.3105
Recreation
Commissioner, 2009

San Francisco Board 0.3265  0.3633 0.3633 0.9876 0.3936 0.4843 0.6087 0.2739 0.3167
of Supervisors, 2012

Oakland Mayoral 0.2315  0.3531 0.3538 0.9820 0.2962 0.4076 0.5596 0.2036 0.2385

11 election, 2010

Glasgow City Council, 0.2705 0.3184 0.3184 0.9822 0.3959 0.4645 0.5916 0.2609 0.3093
2007

The comparison reported in Table 6 reveals several patterns. First, the Borda-
and Copeland-based Reference Dissent Measures are virtually indistinguishable across
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the ten examples. The reference-based dissent diagnosis is therefore highly robust
to the choice between Borda and Copeland as the underlying scoring rule, and its
interpretation is not driven by a particular reference procedure.

Second, the low-cardinality elections provide a transparent benchmark in which the
indicators agree. For the four-candidate cases, where ¢(4) = 75 and the indicators can
be inspected directly, the 2010 Berkeley City Council and 2009 Pierce County Auditor
elections exhibit comparatively high &z, (P) (0.6099 and 0.5586) together with the
highest reference dissent of the whole collection (RDMgp ~ 0.68). In these tractable
settings the entropy-based index, the reference dissent, and the Kemeny-based dissent
deliver a coherent qualitative diagnosis, offering an easily verifiable point of contact
with the existing literature.

Third, as the analysis moves to richer configurations, the indicators dissociate
in an informative way. The 2000 American Psychological Association election at-
tains the highest relative entropy of the collection (0g,(P) = 0.7494) together with
the highest distance-based dissent values (Dcheb, = 0.6769, Dkem = 0.4561), yet its
reference dissent is only intermediate (RDMp = 0.5205), below that of the four-
candidate elections. This follows from the underlying principles: a profile may remain
only moderately distant from a single reference ranking, keeping RDM bounded,
while distributing its mass over many distinct preorder types, which raises dzr,, (P).
The entropy-based index is therefore broadly coherent with, but not equivalent
to, the reference-ranking view of disagreement. For the higher-cardinality elections
(k = 9,11), the comparatively low values of 0z, (P) should be read in the light
of the decomposition introduced in Section 5.1 (Table 5), where they are shown to
stem mainly from the coverage term log m(P)/log ¢(k) rather than from an extreme
concentration of the observed preferences.

Fourth, the discrete dissent indicator Dgis. takes very high values in all exam-
ples. Since exact coincidence between complete preorders is required, small ordinal
differences and large structural differences are treated alike, so Dgjsc acts as a rough
diagnostic of non-coincidence but offers limited discriminatory power among the real
profiles considered here. The remaining distance-based indicators provide a more
graded diagnosis and display greater inter-case variation. Among them, the Kemeny-
based indicator is the most meaningful from an ordinal standpoint, whereas the
Manhattan, Euclidean, Chebyshev, and cosine versions depend more directly on the
numerical representation of complete preorders adopted in [19].

Figure 3 provides a guided visual summary of the same comparison. The figure
should not be read as a ranking device, but as a profile comparison tool. The entropy-
based axis, 0z, (P), offers the natural starting point. The two reference dissent axes,
RDMgp and RDMc, may then be inspected to verify their close correspondence. Next,
the uniformly high values of Dgjsc highlight the limited discriminatory power of the dis-
crete metric. Finally, the Manhattan, Euclidean, Chebyshev, cosine, and Kemeny axes
reveal the finer differences between elections under alternative metric representations
of dissent.

Overall, the comparison supports a complementary reading of the proposed mea-
sure. Consensus- and distance-based indicators evaluate disagreement relative to a
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RDM-C Election case
Berkeley CCE (k =4)
Pierce 2009-4 (k = 4)

© APA (k=5)

- Pierce 2008-5 (k=5)
Minneapolis Board (k = 7)
Pierce 2008-7 (k=7)
Minneapolis Park (k=9)
- San Francisco 9 (k=9)
Glasgow 11 (k=11)
Oakland CCO (k=11)

Dcos

Figure 3: Radar chart comparing the relative entropy-based heterogeneity measure
and alternative dissent indicators for the ten real election examples. Each polygon cor-
responds to one election. All indicators are normalised in the unit interval. The figure
highlights the near coincidence between the Borda- and Copeland-based reference dis-
sent measures, the systematically high values of the discrete dissent indicator, and the
more graded behaviour of the remaining distance-based measures.

specific reference ranking or metric structure, whereas the entropy-based measure cap-
tures the uncertainty associated with the empirical frequency distribution of complete
preorder types. The two families also differ in their computational requirements: the
reference- and distance-based indicators rely on a numerical representation of preorders
and on the evaluation of distances between them, whereas dp(P) reduces to count-
ing type frequencies. The proposed index therefore conveys information that is not
fully captured by existing consensus-based indicators while remaining computationally
suited to large-scale group decision-making settings.

5.3 Simulation experiments

Simulations have played a significant role in Social Choice Theory for quite some time.
Arrow’s pioneering efforts resulted in the first simulated outcomes, illustrating the
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impossibility of satisfying all fairness criteria in a voting system, as demonstrated by
Arrow’s Impossibility Theorem [57, 71]. Beyond these early studies, many other re-
searchers have conducted simulations to investigate different elements of the decision
process. For example, [72] explored the computational aspects of voting systems, [73]
conducted a detailed analysis of preference aggregation, while [74] examined the ef-
fectiveness of various voting systems through the use of simulated data. In a similar
vein, [75] and [76] employed simulations to examine the resilience and vulnerability to
strategic manipulation of several voting rules. [77] made another important contribu-
tion by introducing the Majority Judgment method and comparing its effectiveness
with traditional voting systems through simulations, and [78] used simulations to as-
sess how different preference models influence decision outcomes. More recently, [79]
analysed the implications of different decision rules using extensive simulations.

These studies underscore the relevance of simulation as a methodological tool
for analysing collective decision-making under controlled assumptions. In the present
subsection, simulations are used to examine the behaviour of the entropy-based hetero-
geneity preference measure when the distribution of preferences over complete preorder
types changes.

The objective is not to reproduce a specific electoral context, but to assess how the
proposed measure reacts to alternative generative patterns. In particular, the analysis
focuses on how 0y varies with the number of distinct preorder types and with the
degree of concentration or dispersion of the induced frequency distribution.

The proposed experimental strategy consists of four main steps, which are described
below. Figure 5 summarises the experimental strategy.

1. Selection of the probability distribution. Eight probability distributions
are considered to generate different patterns of concentration and dispersion over
preorder indices. Their density functions and parameters are reported in Figure 4
and Table 7. The “2 Modes” and “3 Modes” cases are mixtures of normal distri-
butions and are used to represent preference profiles with two or three regions of
concentration, respectively.

2. Generation of random samples. For each distribution, a sample M of N
pseudo-random numbers is generated on the unit interval. In all simulations,
the sample size is fixed at N = 10,000 in order to obtain a stable empirical
representation of the underlying distribution.

3. Generation of preorder samples. The numerical sample M is transformed

into a sample of complete preorders over X = {x1,...,xx}. For a fixed value of

j, with 7 < ¢(k), a support of j preorder types is considered. The unit interval is

partitioned into j ordered subintervals, and each pseudo-random value is assigned

to the preorder type associated with the subinterval in which it falls. Thus, the

continuous generating distribution induces a frequency vector over the j preorder
types. The resulting random profile is denoted by Py ;.

The purpose of this step is not to analyse the identity of the preorders them-

selves, but the frequency distribution induced over the preorder types. This
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is sufficient for computing g, since the measure depends on the empirical
frequencies and is invariant under relabelling of preorder types.

4. Computation of the entropy-based heterogeneity measure. Finally, the
empirical frequency vector associated with Py ; is used to compute the entropy-
based heterogeneity preference measure ég (P ;).

Table 7: Summary of probability distributions used in the simulation. Additional
details are provided in Figure 4.

Distribution Parameters Simulation Interpretation
All preorder indices are generated
. a,b with equal probability. This case
Uniform b>a U(,1) represents the maximum-dispersion
benchmark.
Preferences concentrate around a cen-
Normal “w N(0.5,0.1) tral region of the preorder index. The
o N(0.5,0.15) larger standard deviation produces a
broader effective spread.
MultiModal (w1, w2) Two peaks: Pre.ferencles ;:loncelntra‘f around ‘.cwo
Mixture of two nor- (11, p2) (0.5,0.5) regions. In the selected parametrisa-
mal distributions (o ’o_ ) (0.25,0.75) tion, the peaks are relatively wider
12 (0.05,0.05) than in the three-mode case.

Preferences concentrate around three

MultiModal Three peaks: L RS
Mixture of three (w1, wa,w3) (1/3,1/3,1/3) narrow regions. Although jchls distri-
L (w1, p2, p3) bution has more modes, its smaller

normal distribu- (0.2,0.5,0.8) A
tions (o1,02,03) (0.01,0.01, 0.01) standard deviations generate a more

T concentrated effective support.

Preferences concentrate near the ex-
a>0 tremes of the preorder index, generat-
Beta B8 >0 5(0.1,0.1) ing a highly uneven frequency distri-

bution.

Log-normal

w € (—00, +00)
o>0

nw=-3, c=0.7

A skewed distribution in which a sub-
stantial part of the probability mass
is concentrated near low preorder in-
dices.

Weibull

Weibull(0.1, 2)

A skewed distribution that generates
concentration near a limited region of
the preorder index, but with a broader
effective spread than the log-normal
and beta cases.

For the simulation, the number of alternatives is fixed at k = 5, so that ¢(5) = 541.
For each generating distribution, the parameter j is varied from 2 to ¢(5), and a profile
Pn; is generated with N = 10,000 agents. This design makes it possible to observe
how the entropy-based heterogeneity measure changes when the number of available
preorder types increases and when the induced frequency distribution becomes more
or less concentrated.

The histograms and box plot are useful for interpreting the entropy curves, be-
cause they show how each continuous generating distribution is translated into an
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u(o,1) . N(0.5,0.1) s N(0.5,0.15) 2 Modes

2 4
15 3 3
2
1 2 2
1
0.5 1 1
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
M B .1,0.1 LogN 1(-3,0.7, Weibull(0.1,2
15 3 Modes 30 eta(0.1,0.1) 15 ogNormal(-3,0.7) 10 eibull(0.1,2)
10 20 10
5
5 10 5
0 0 L J 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

; Input: Select generating - :
A Probability distribution, L1 \\ distribution ) Output:

! o
Parameters 4 probability distribution

Choose a density on [0,1]

Input: Generate N
7] Probability distribution, pseUdo'random numbers ° :] ]?l“tpm:
ST M= {uy,...,un}, we01l]

o Construct random
preference profile o
Input: _—— = .
( o0 ') ?\Zu o » 0/ \0 Partition [0,1] into 5 intervals and % Sulput
(M, 5) . @ . map each draw to a preorder type . Pyn,j
(M,5) = Pn,;
Compute entropy-based
Input: < heterogeneity Output:
Py, H) j %

0u(Pn,j) = — Erzl prlogp,

Figure 5: Workflow of the simulation procedure, to be read from left to right. A
generating distribution is first selected, then used to produce a numerical sample M,
which is mapped into j preorder types to construct the profile Py ;. Finally, the
entropy-based heterogeneity measure dy is computed.

empirical distribution over preorder indices. Figure 6 reports the histogram of pre-
order indices for the case j = ¢(5) = 541, while Figure 7 summarises the distributional
variability of the simulated preorder indices. For instance, the “2 Modes” distribution
has fewer peaks than the “3 Modes” distribution, but its peaks are wider because
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the standard deviations are (0.05,0.05) rather than (0.01,0.01,0.01). Consequently,
in this parametrisation, the “2 Modes” case generates a broader effective spread over

preorder types than the “3 Modes” case.

U(0,1 N(0.5,0.1 .5,0. 2 Modes
% (0,1) 100 ( ) o N(0.5,0.15) 100
25
40 Np
20 50 50
15 20
0 h_
0 0 0 J
0 200 400 600 0 200 400 600 0 200 400 600 0 200 400 600
Preorder index Preorder index Preorder index Preorder index
3 Modes Beta(0.1,0.1) LogNormal(-3,0.7) Weibull(0.1,2)
300 3000 300 200
| 150
200 ‘ ‘ ‘ 2000 200
‘ (‘ 100
100 \ } 1000 100
\ }\ H 50 {
\
0 : 0 0 0
0 200 400 600 0 200 400 600 0 200 400 600 0 200 400 600
Preorder index Preorder index Preorder index Preorder index

Figure 6: Histogram of preorder indices for j = ¢(5) = 541.

T
500 ! ‘ -
I # } I —Q
400 - ! | ! -
! |
|
300 — ; g
200 |- | \—'—“ J
| | i
100~ | t | ! p——— -
| E
| 1 %
or ] | | | ] ] ] 3
U(,1) N(0.5,0.1) N(0.5,0.15) 2 Modes 3 Modes Beta(0.1,0.1)  LogNormal(-3,0.7)  Weibull(0.1,2)

Figure 7: Box-plot analysis of distributional variability across simulated samples for

j = &(5) = 541.

Figure 8 shows the value of 67 (Px ;) as a function of j. The maximum benchmark
is shown together with the entropy curves induced by the different generating distri-
butions. The uniform distribution U(0,1) lies on, or very close to, this benchmark,
as expected, because it induces approximately balanced frequencies over the available
preorder types. More concentrated distributions produce lower entropy values because

their empirical frequencies are less evenly spread.
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Entropy-based Measure

= = Maximum

U(0,1) *
N(0.5,0.1)
N(0.5,0.15)
2 Modes
1 3 Modes —
Beta(0.1,0.1)
LogNormal(-3,0.7)
Weibull(0.1,2)
0 1 1 1 1 1

0 100 200 300 400 500 600

Num. diff. preorders

Figure 8: Entropy-based heterogeneity measure for simulated profiles with £k = 5
alternatives as a function of the number of distinct preorder types. The uniform distri-
bution lies on, or very close to, the maximum benchmark, whereas more concentrated
generating distributions produce lower entropy values.

For the selected parametrisation, the following approximate ordering of entropy
levels is observed across most of the simulated range:

U(0,1) > N(0.5,0.15) > 2 Modes ~ N(0.5,0.1) > Weibull > LogNormal > 3 Modes > Beta

This ordering should not be interpreted as a general hierarchy of distribution fam-
ilies, nor as a strict pointwise ranking for every value of j. Rather, it reflects the
effective spread and evenness of the preorder-frequency distributions induced by the
specific parameters used in the experiment.

In particular, the fact that the “2 Modes” curve lies above the “3 Modes” curve is
explained by the larger standard deviations of the two-mode mixture, which generate
a less concentrated distribution over preorder types. Thus, the number of modes alone
does not determine entropy: a distribution with fewer but wider modes may be more
heterogeneous than a distribution with more but narrower modes.

Overall, the simulation shows that the entropy-based heterogeneity measure re-
sponds both to the number of preorder types considered and to the evenness of their
empirical frequencies. Heterogeneity is maximised when the distribution over preorder
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types is balanced, and decreases when probability mass is concentrated on a smaller
effective subset of types.

6 Conclusions, limitations and future research

This contribution has introduced a formally defined entropy-based measure for quan-
tifying preference heterogeneity in group decision-making problems with complete
preorders. The proposal addresses a relevant challenge in the analysis of complex or-
dinal preference structures: how to obtain a scalable and interpretable summary of
heterogeneity without relying on pairwise comparisons, metric embeddings, or the
enumeration of the full preference space. In contrast to approaches based on simpli-
fied preference models or heuristic uses of entropy, the proposed measure is directly
defined on the empirical distribution of complete preorder types and is supported by
a rigorous mathematical foundation.

The measure satisfies key normative properties, including continuity, anonymity,
and neutrality, and is axiomatically characterised. This characterisation establishes
the internal coherence of the proposal and identifies Shannon’s entropy as the unique
measure satisfying the stated conditions. These conditions are grounded in principles
from Social Choice Theory and Decision Theory, thereby connecting the information-
theoretic formulation with well-established requirements for preference aggregation
and group decision analysis.

From a computational perspective, the measure exhibits linear complexity with
respect to the number of agents once the observed preorder frequencies are avail-
able. This makes it suitable for large-scale preference profiles, where distance-based
or pairwise comparison procedures may become computationally demanding. The em-
pirical analysis, based on ten real ranked-choice elections from the PrefLib database,
illustrates the applicability of the measure to profiles with different electorate sizes,
numbers of alternatives, observed preorder supports, and preference distributions. The
decomposition of the relative entropy index further shows that the interpretation of
dr (P) depends not only on the dispersion of the observed preorder types, but also
on the rapid growth of the theoretical space of complete preorders.

The complementary comparison with selected consensus- and distance-based dis-
sent indicators provides additional evidence on the empirical interpretation of the
proposal. The results show that the entropy-based measure is broadly coherent with
reference-based dissent indicators, while not being reducible to them. In particular,
the proposed index captures the informational dispersion of the empirical distribution
of complete preorder types, whereas reference- and distance-based measures evaluate
disagreement relative to specific rankings or metric representations. The comparison
therefore supports a complementary interpretation: entropy-based heterogeneity and
distance-based dissent indicators describe related but distinct aspects of preference
profiles.

The simulation study complements the real-data analysis by examining the be-
haviour of the measure under controlled distributional patterns. The results show that
the measure responds coherently to changes in concentration, multimodality, skewness,
and the number of distinct preorder types. These experiments provide further insight
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into the sensitivity of the proposal and help clarify the interpretation of entropy-based
heterogeneity when the underlying preference-generating mechanism is known.

Several limitations nevertheless remain. First, the measure summarises the fre-
quency distribution of complete preorder types and therefore does not explicitly
account for partial agreement over subsets of alternatives, such as pairwise unanimity
or local agreement on specific alternatives. Second, the empirical application assumes
complete and internally consistent preference information. In the real election exam-
ples, preprocessing was required to exclude incomplete or inconsistent ballots, which
may affect the composition of the analysed profiles. Future research may extend the
framework to partial preferences, truncated rankings, missing data, or noisy responses.
One possible direction would be to redefine the underlying probability distribution over
sets of admissible completions rather than over directly observed complete preorders.

A broader empirical benchmarking exercise also remains a relevant avenue for
future work. Although a comparison with selected consensus- and distance-based indi-
cators has been incorporated, a fully exhaustive assessment would require additional
measures, larger collections of datasets, and a systematic analysis of computational
scalability. Such an extension would be particularly useful for identifying the empirical
conditions under which entropy-based, reference-based, and metric-based approaches
provide convergent or divergent diagnoses of group heterogeneity.

Finally, inspired by the foundational ideas of [80] and [81], future research may fur-
ther explore conceptual bridges between Decision Theory, Information Theory, and
Statistical Mechanics. Such developments may contribute to the emergence of inter-
disciplinary approaches for analysing collective behaviour, preference diversity, and
large-scale decision-making systems.
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Appendix A Notation and summary of properties

For ease of reference, the notation employed throughout the paper is collected in
Table Al, and the main properties of the entropy-based heterogeneity preference

measure, together with their normative role, are summarised in Table A2.

Table A1: Notation used throughout the paper.

Symbol Description
N={1,...,n} Set of agents, individuals, or experts.
n = |N| Number of agents (n = |N| > 2).

X:{xlw"?wk}
k= |X]|

Set of alternatives.
Number of alternatives (k > 2).

W(X) Set of complete preorders over X.

(k) Number of complete preorders on k alternatives, ¢(k) = |[W(X)|.

Ri € W(X) Preference, represented as a complete preorder, of agent <.

s Rixe Ts is at least as good as x; for agent 1.

P=(Ri,...,Rn) Preference profile of the agents in N.

(R,...,R) Unanimous profile, in which all agents share the preference R.

P(X) Set of all preference profiles over X.

P Profile obtained from P by a permutation 7w of the alternatives.

P Profile obtained from P by a permutation o of the agents.

P! Subprofile of P restricted to the agents in I C N, written P? when
I={i}.

Rix., Restriction of the preference R to X 4 C X.

Pix., Restriction of the profile P to X 4 C X.

N? Extended agent set, including g additional agents.

P Extension of a preference profile to the ¢ new agents.

Xa Expanded set of alternatives, with ¢ new options.

W()~(q) Set of complete preorders over the expanded set Xa,

Rs Expanded preference of agent i over Xa.

P Expanded preference profile over Xaq.

P(Xq) Set of all expanded preference profiles.

PyP Replication of profile P, in which each preference appears twice.

p(P) = (P1,-- -, Pop(k))
#{R]‘ EP:R; ERl}
6 :P(X) = [0,00)

0u(P)
0y (P)

Discrete probability distribution associated with P, where p; is
the proportion of agents in P holding the i-th preorder.

Number of agents in P whose preference equals the i-th preorder
in W(X).

Heterogeneity preference measure (Definition 2).

Entropy-based heterogeneity preference measure (Definition 3).

Relative, or normalised, entropy-based measure
Su,(P) =6u(P)/log ¢(k) € [0, 1] (Definition 4).
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Table A2: Main properties of the entropy-based heterogeneity preference measure
and their normative role.

Property

Description

Normative role

Continuity

Non-
negativity

Boundedness

Grouping

Alternative
invariance

Replication
invariance

Convergence
to unanimity

The measure is continuous and
can be extended from [0, 1}¢(k)
to RT.

The measure is strictly positive
for non-unanimous profiles and
equals zero only under unani-
mity.

The maximum value is log ¢(k),
achieved when all complete pre-
orders are equally likely.

If two subgroups with different
unanimous preferences merge
into a single unanimous group,
the measure decreases by a com-
putable quantity.

Adding alternatives that are
unanimously ranked by all
agents does not change the mea-
sure.

Duplicating the profile, that is,
replicating the agents, does not
affect the value of the measure.

As more identical agents are
added, the measure tends to
zero, reflecting convergence to
unanimity.

Ensures robustness: small pertur-
bations of the profile, such as
sampling variability or marginal
changes in group composition,
produce only small changes in the
measure, thereby supporting sta-
ble comparisons across scenarios.

Guarantees interpretability as a
departure from homogeneity: it
provides a genuine index of dis-
agreement that vanishes exactly
at consensus.

Provides a natural benchmark,
the maximum log¢(k), against
which observed heterogeneity is
assessed, and underlies the nor-
malised index 6, .

Quantifies the homogeneity gain
when two subgroups adopt a com-
mon position, that is, the consen-
sus achieved in a deliberation or
negotiation round; it is also the
recursivity axiom underlying the
characterisation (Theorem 2).

Ensures that heterogeneity re-
flects the substance of preferences,
not their representation: alterna-
tives on which all agents agree do
not register as additional disagree-
ment.

Confers scale invariance with re-
spect to group size: the measure
captures the structure of prefer-
ences, not the absolute number of
agents.

Ensures consistency with the con-
sensus limit: progressively adding
identical agents drives the mea-
sure to zero, matching the intu-
ition of approaching full homo-
geneity.
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Appendix B Proofs of properties in Subsection 4.1
Proof of property (iii). Boundedness.

Let P = (R1,...,Rn) € P(X) be a preference profile and (pl)?:(k{) its discrete proba-
bility distribution. It is enough to check that the solution of the following optimisation
o(k)
problem is attained at the point (pi = ﬁ) - :
o (k)
max 0y (P) := — Zpi log p;
i=1

#(k)
s.a. pi=1
i=1

0<p; <1, foralli=1,...,¢(k).

Therefore, the maximum value of the entropy-based heterogeneity preference measure
is log ¢(k). O

Proof of property (iv). Grouping.

Suppose that P € P(X) is a preference profile and that I; and I» are two disjoint
subsets of N with cardinalities |I;| = n; and |I3] = ng, respectively. These two
sets induce the partition {I, o, N\(I3 U I1)}. It is assumed that the agents’ opi-
nions on X are unanimous within each set, but different between the two sets. Let
Pl = (Ry,...,R1) € P(X) be the preference subprofile of the agents in I1, where
R is their unanimous preference on X, and let P2 = (Ra,...,R2) € P(X) be the
preference subprofile of the agents in I, where R4 is their unanimous preference on
X, with Ry # Ra. Moreover, agents in N\ (I3 U I3) have opinions different from R4
and Rs.

All agents included in I> change their preferences on X in such a way that they
unanimously abandon Ry and unanimously adopt R, generating the preference profile
P. The discrete probability distributions of the profiles are first examined:

e For P, its discrete probability distribution is given by
{pai (P>}':il = {pal’ e ’panx.} )
where m represents the number of different preorders in P. Without loss of gen-

erality, it is assumed that p,, and p,, are the terms associated with R; and Ra,
respectively.®

1t should be noted that the profile dependence has been omitted.
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e For P/1YI2 ts discrete probability distribution is defined as

{ Pas Pas }
pal +pa2 ’ pal +pa2 ’
ni

where p,, = ! and p,, = “» because there are n; agents in N with R, as

their unanimous preference on X and no agents in N with R, as their unanimous
preference on X.

e For the profile P, the associated discrete probability distribution is
{p(m + PassrDags - - - 7pam} )
where, similarly, m represents the number of different preorders in P.

The following identity, which is equivalent to the proposed claim, will now be proved:

H<{pau-~-,pam}>=<pal+pa2>(sH({ Pay _ _ Po })

pal +p0¢2 pal +pa2
+ 01 ({Pay + PasyPass -+ > Pa }) -

The proof is a simple algebraic manipulation in which the first two terms,
{PaysDas}, are treated separately. Using the definition of dy(-) and elementary
properties of the logarithm, it follows that

H ({pa17 A 7pam}) = - ZpOé1 Ingai
=1

m
= —Pa, 108 Pay — Pas 108 Day — Y Pa, 108 P,
1=3

m
= —Pa, 108 Pa, — Pay 108 Pay £ (Pay + Pas) 108 (Day + Das) = Y Da, 108 Pa,
=3

pOél pal
= (Pay + Pas) < log ( > log ( >>
: pal +p0¢2 pa1 +p0¢2 pa1 +pa2 poq +p0¢2

_ _ Pay  Pag
=0n ({ Pay TPas ' Pay TPas })

+ <_ (Pay + Pas)10g (Pay + Pay) — Zpozi logpcn) .

=3

=0m ({;Dal +Pag PagssPam })
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Rearranging terms, and considering the distributions of the profiles P, P1“2 and P
defined above, the result follows:

— niy + no

6u(P) = 0u(P)

5 (P1VT2).

Proof of property (v). Alternative invariance.

Let P € P(X) be a preference profile and (pl(P))j):(’? its discrete probability dis-

tribution. Additionally, let P¢ € P(X?) be an expanded preference profile and
~ \ ¢(k+q)
(pi(’Pq)> ) its discrete probability distribution.

i=

Under the assumptions of Alternative invariance, there is a bijection between the
preference types observed in P and the corresponding expanded preference types
observed in P9. Therefore, this association preserves the corresponding relative
frequencies.

Consequently, the strictly positive components of the discrete probability distribu-

tions induced by P and P9 coincide. Hence,

Su(P) = Su(PY).

Proof of property (vi). Replication invariance.
Let P € W(X)" be a preference profile and P WP € W (X)2" be a replication of P.

The proof is straightforward, since

Then,
oug(P)=3du(PYP).

Proof of property (vii). Convergence to unanimity.

Let N be an agent set and P = (Rq,...,R,) € W(X)" be a preference
profile associated with IN. Suppose that ¢ new agents are added to N,
N? = {1,...,n,n + 1,...,n + ¢}, and suppose that the extension of P associa-
ted with N9, P4 = (R1,...,Rn, Rut1,- > Rutrq) € W(X)"H4, is defined such that
Rpn=Rnpnt1=...=Rptq Let £ € {1,...,¢(k)} denote the index, in the fixed enu-
meration of W (X)), of the unanimous preference shared by the agents n,n+1,...,n+q.
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By definition,

n—+q

pi(P7) =

Hence,

lim p;(P?) =0 foralli#¢, lim py(P?) =
q—ro0

Q*}OO
Therefore, by continuity, -
lim 5H(qu) =0.

q—o0

40

foralli € {1,...,0(k)}\ {€},  po(P?) =

npg(P) +4q

n—+q



Appendix C Proof of Subsection 4.2

The proof of this result is an adaptation of Tverberg’s characterisation to the present
context and is included to make the contribution self-contained. Necessity follows from
the properties presented in Subsection 4.1. Sufficiency naturally falls into three steps.

First Step: The case of two different preorders. Consider a set of agents
N = {1,...,n} who express their preferences over a set of at most two elements of
W (X). The discrete probability distribution of any associated preference profile P is
of the form

p(P)=(0,...,0,p,0,...,0,1—p,0,...,0) = {p,1 —p},

that is, all agents express their opinions through at most two different preorders. Let
6(p) be the one-variable function defined by

O(p) =6 (p(P)) =6 ({p,1 —p}), withpe0,1].

In this step, it is first proved that 6(p) is

0(p) = —A(plogp+ (1 —p)log(l —p)), AeR*. (C1)

Since § is a heterogeneity measure, it is non-negative and satisfies neutrality and
property (i). Hence, it follows that

® d(p) >0if p#0and 0(p) =0 if p =0 (the associated P is unanimous).
e §:[0,1] — R is continuous.

e §() is symmetric, i.e., 8(p) = 6(1 — p).

Let p(P) = {Pay, Pas»Pas } DOW be a profile with three strictly positive components,
Dass Pass Pag > 0. This can be assumed, without loss of generality, because n > 2 and
k > 2 . Combining neutrality and the grouping property (iv), 6(P) can be written in
terms of 6(-) as follows:

(iv) Pan Pay
3(P) = ([ pos 0sd) 2 0 (o + s d) + (s 908 ({ L2 Lo )
L i)+ 1 pa) (222 ). (2)
(neut.) (iv) Pay Pas
5(P) "2 (g s ) 2 8 (4 oy d) + (o + )6 ({22 T )
2oL o pas) + (1 pay) 0 (1 fﬂ;@) . (C3)
In equation (C3), Doy + Pas + Pas = 1 has been wused and

O(p) = §({p,1 —p}) = 6(1 — p). A change of variables (p = Doy, ¢ = Da,) yields
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((C2) = (C3)):

9(p)+(1—p)9(1qp>29(Q)+(1—q)9(1pq>, 0<pg<l  (C4)

Note that 0 < p+ ¢ < 1, and therefore ﬁ, l%q € (0,1). This functional equation is

now manipulated to obtain equation (C1). Continuity of 6(-) ensures the integrability
of (C4) with respect to ¢ between 0 and (1 — p):

Al_p [a(p)+(1p)9 <1€p)] dq/ol‘l’ [0((])+(1q)0 <1’iq>} dg. (C5)

Then, each term is formally integrated, obtaining

t-p t-p q t=q/(1—p) 9 !
/0 9(p)dq=(1—p)9(p)7/0 (l—p)G(l_p> dg "= " (1-p) o(t)dt.

0

Substituting these expressions into (C5) gives

1 1-p 1
(1—p)9(p)+(1—p)2/0 H(t)dt:/o (1) dt+p2/ t=30(t)dt. (C6)

Note that the first term in equation (C6) is differentiable because the continuity of
6(-) implies the differentiability of the other terms. Upon differentiation, equation (C6)
gives

1
0
—0(p)+(1—-p)0'(p)—2(1—-p / o(t 01— p)+2p/ t39(t)dt—§f). (C7)
P
Given that 6(-) is symmetric, i.e., (p) = (1 — p), reorganising terms yields
1
(1—p)0(p)=2(1—p / ot dt+2p/ t=20(t)dt @. (C8)
p
P

The previous argument again ensures the differentiability of (1 — p) ' (p). Differenti-
ating with respect to p gives

—0'(p)+ (1 —p)0”'(p) = —2 /01 0(t) dt + 2/1 t730(t) dt — Qpi(f;) — a'l(jp) + 92(5)
(C9)

42



= (1—p)0”(p) = —2/01 0(t) dt + 2/1 t30(t) dt — ‘91()12’) — 9/5’) +6'(p).
(C10)

In order to eliminate the term fpl t=30(t) dt, the last equation is multiplied by p, and
the result is subtracted from (C8), obtaining

(- p)pt(p) =2 / oty dr = 9"<p>=—ﬁ / 0(t) d.

Then, this differential equation can be integrated by quadratures’, to obtain

O(p) =A+ Bp—2[plogp+ (1 —p) log(1 —P)]/O 0(t) dt.

On the one hand, #(0) = 0 implies A = 0 and, by symmetry of 0(-), it follows that
B = 0. On the other hand, it follows that 6(-) is determined up to a multiplicative
constant:

0(p) = —Alplogp + (1 — p)log(1 — p)],
where A > 0 because (-) is non-negative. This concludes the first step.

Second Step: General case. Let P be a preference profile and let its discrete
probability distribution be

p(P) = (p17 ce 7p¢(k)) = {pa17 v 7p04m}7
where m denotes the number of different preorders in P. In this step, it is proved that
m
§(P) =06 ({DPars- -+ Pam }) = =A D> Da, 108 Par, -
i=1
The case m = 2 was proved in the first step:

2

d ({pa17pa2}) = e(poq) =-A [pal logptn + (1 _pal) 10g(1 - pal)] = _)\Zpai logpai'

i=1

By induction, assume the result for m — 1. Finally, for the general case, combining the
grouping property (iv), the induction hypothesis (HI), and the previous step gives

(iv) pOél paz
5 ([ors b }) 2 Dy + Pan) & ({ }) 6 ({poy + Dacps Py -

p()q +p042 ' pa1 +p(12

[ (5t ) dedp = [(b+logt —log(1 — t))dp = A+ Bp — 2 (plogp + (1 — p) log(1 — p))..
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(HI) pOél pa1 pag pO(Q
=" —(Pa, T Pa )\{ log< >+ log<

( ! 2) pal +p042 p()é1 +p052 pa1 +p0¢2 p()cl +p052

— (P + Paz)A 108(Pay +Paz) = A D Pa, 108 P,
=3

m %)
==X pa,logpa, = =AY _pilogp;.

i=1 =1

This concludes the second step of the proof.

Third Step: Fixing the constant. In order to fix the value
of A\, the boundedness property (iii) is invoked. TLet P  be

a  preference profile P = (R, Ro)) € W(X)?®*)  with
R; # R; for al i # j and with discrete probability distribution
1 1
= ={——, ..., ——}. Let ty (iii) hold. Then:
P(P) = (Pars- -+ Payny) {qb(k), 7¢(k)} et property (iii) ho en
¢ (k)

™ 1
log ¢(k) =6(P)=-A> ——log | — =  A=1
¢ E oK) <¢<k>>

Therefore, properties (i), (iii), and (iv) characterise the entropy-based heterogeneity
preference measure, 0z (), and the proof is complete. O

Remark 7 Concerning the mutual independence of the axioms in Theorem 2, a comprehen-
sive proof for all hypotheses simultaneously falls outside the scope of this paper because of
its mathematical complexity. Nevertheless, their independence can be briefly justified as fol-
lows. The boundedness axiom merely fixes the function’s parameter determined by the other
properties. Symmetry, or neutrality, is independent, since the function 0(p) = p satisfies both
continuity and grouping but is not symmetric. Similarly, the grouping axiom is independent,
since functions such as 8(p) = p(1 — p) are symmetric and continuous yet fail to satisfy this
property. Finally, proving the independence of continuity is significantly more arduous; how-
ever, [82] established the existence of non-continuous solutions that still satisfy the grouping

property.

44

)



References

[1]

2]

3]

[10]

[11]

[12]

[13]

Sen, A.: Collective Choice and Social Welfare. CA: Holden-Day, Massachusetts
(1970)

Tideman, N.: Collective Decisions and Voting: The Potential for Public Choice.
Routledge., London (2006)

Regenwetter, M., Grofman, B., Popova, A., Messner, W., Davis-Stober, C., Cav-
agnaro, D.: Behavioural social choice: a status report. Philosophical Transactions
of the Royal Society B: Biological Sciences 364(1518), 833-843 (2009)

Suzuki, T., Moretti, S., Aleandri, M.: Ranking alternatives from opinions on
criteria. Group Decision and Negotiation 35(1), 3 (2025)

Baumeister, R., Vohs, K.: Group cohesiveness, pp. 386-388. Sage Publications,
United States (2007)

Cascon, J.M., Gonzalez-Arteaga, T., de Andrés Calle, R.: Reaching social
consensus family budgets: The spanish case. Omega 86, 2841 (2019)

Liu, Y., Li, Y., Liang, H., Dong, Y.: Strategic experts’ weight manipulation
in 2-rank consensus reaching in group decision making. Expert Systems with
Applications 216, 119432 (2023)

Shu, P., Chu, J., Wang, Y., Wang, Y.: A prospect theory-based consensus
method for heterogeneous large-scale group decision-making. Group Decision and
Negotiation 34(6), 1371-1400 (2025)

Piper, W.E., Marrache, M., Lacroix, R., Richardsen, A.M., Jones, B.D.: Cohesion
as a basic bond in groups. Human Relations 36(2), 93-108 (1983)

Martinez-Panero, M.: Consensus perspectives: Glimpses into theoretical advances
and application. In: Herrera-Viedma, E., Garcia-Lapresta, J.L., Kacprzyk, J.,
Nurmi, H., Fedrizzi, M., Zadrozny, S. (eds.) Consensual Processes vol. 267, pp.
179-193. Springer, Berlin (2011)

Wang, H., Yu, D., Xu, Z.: A novel process to determine consensus thresholds and
its application in probabilistic linguistic group decision-making. Expert Systems
with Applications 168, 114315 (2021)

Tastle, W.J., Wierman, M.J.: Consensus and dissention: A measure of ordi-
nal dispersion. International Journal of Approximate Reasoning 45(3), 531-545
(2007)

Elzinga, C., Wang, H., Lin, Z., Kumar, Y.: Concordance and consensus. Informa-
tion Sciences 181(12), 2529-2549 (2011)

45



[14]

Tapia, J.M., Chiclana, F., Moral, M.J., Herrera—Viedma, E.: Entropy based ap-
proach to measuring consensus in group decision-making problems. In: Fujita, H.,
Fournier-Viger, P., Ali, M., Wang, Y. (eds.) Advances and Trends in Artificial In-
telligence. Theory and Practices in Artificial Intelligence, pp. 409-415. Springer,
Cham (2022)

Goers, J., Horton, G.: On the combinatorial acceptability entropy consensus met-
ric for multi-criteria group decisions. Group Decision and Negotiation 33(5),
1247-1268 (2024)

Herrera-Viedma, E., Cabrerizo, F.J., Kacprzyk, J., Pedrycz, W.: A review of soft
consensus models in a fuzzy environment. Information Fusion 17, 4-13 (2014)

Bosch, R.: Characterizations of voting rules and consensus measures. PhD thesis,
Tilburg University (2005)

McMorris, F.R., Powers, R.C.: Consensus rules based on decisive families: The
case of hierarchies. Mathematical Social Sciences 57, 333-338 (2009)

Garcia-Lapresta, J.L., Pérez-Romén, D.: Measuring consensus in weak orders. In:
Herrera-Viedma, E., Garcia-Lapresta, J.L., Kacprzyk, J., Fedrizzi, M., Nurmi,
H., Zadrozny, S. (eds.) Consensual Processes. Studies in Fuzziness and Soft
Computing, vol. 267, pp. 213-234. Springer, Berlin (2011)

Alcalde-Unzu, J., Vorsatz, M.: Measuring the cohesiveness of preferences: An
axiomatic analysis. Social Choice and Welfare 41, 965-988 (2013)

Alcalde-Unzu, J., Vorsatz, M.: Do we agree? measuring the cohesiveness of
preferences. Theory and Decision 80, 313-339 (2016)

Alcantud, J.C.R., Andrés Calle, R., Cascén, J.M.: Consensus and the act of
voting. Studies in Microeconomics 1(1), 1-22 (2013)

Alcantud, J.C.R., Andrés Calle, R., Cascon, J.M.: A unifying model to measure
consensus solutions in a society. Mathematical and Computer Modelling 57, 1876—
1883 (2013)

Alcantud, J.C.R., Andrés Calle, R., Cascon, J.M.: On measures of cohesive-
ness under dichotomous opinions: Some characterizations of approval consensus
measures. Information Sciences 240, 45-55 (2013)

Erdamar, B., Garcia-Lapresta, J.L., Pérez-Romén, D., Sanver, M.R.: Measuring
consensus in a preference-approval context. Information Fusion 17, 14-21 (2014)

Gonzalez-Arteaga, T., Alcantud, J.C.R., Andrés Calle, R.: A cardinal dissensus
measure based on the Mahalanobis distance. European Journal of Operational
Research 251(2), 575-585 (2016)

46



[27]

Gonzalez-Arteaga, T., Andrés Calle, R., Alcantud, J.C.R.: A new consensus rank-
ing approach for correlated ordinal information based on mahalanobis distance.
Information Sciences 372(Supplement C), 546-564 (2016)

Kacprzyk, J., Fedrizzi, M.: A “soft” measure of consensus in the setting of partial
(fuzzy) preferences. European Journal of Operational Research 34(3), 316-325
(1988)

Kacprzyk, J., Nurmi, H., Fedrizzi, M.: Consensus Under Fuzziness. Kluwer,
Boston, MA (1997)

Beliakov, G., Calvo, T., James, S.: Consensus measures constructed from ag-
gregation functions and fuzzy implications. Knowledge-Based Systems 55, 1-8
(2014)

Wu, J., Chiclana, F.: A social network analysis trust-consensus based approach to
group decision-making problems with interval-valued fuzzy reciprocal preference
relations. Knowledge-Based Systems 59, 97-107 (2014)

Gonzéalez-Arteaga, T., Andrés Calle, R., Chiclana, F.: A new measure of con-
sensus with reciprocal preference relations: The correlation consensus degree.
Knowledge-Based Systems 107, 104-116 (2016)

Dombi, J., Jénas, T.: Consensus measures based on a fuzzy concept. European
Journal of Operational Research 315(2), 642-653 (2024)

Guo, J., Zhang, Z., Wang, Z.: A personalised consensus-reaching process for group
decision-making under dynamic trust networks. Group Decision and Negotiation
35(1), 5 (2026)

Herrera, F., Herrera-Viedma, E., Verdegay, J.L.: A model of consensus in group
decision making under linguistic assessments. Fuzzy Sets and Systems 78, 73-87
(1996)

Herrera-Viedma, E., Martinez, L., Mata, F., Chiclana, F.: A consensus support
system model for group decision-making problems with multigranular linguistic
preference relations. IEEE Transactions on Fuzzy Systems 13(5), 644-658 (2005)

Ben-Arieh, D., Chen, Z.: Linguistic-labels aggregation and consensus measure
for autocratic decision making using group recommendations. Systems, Man and
Cybernetics, Part A: Systems and Humans, IEEE Transactions on 36(3), 558-568
(2006)

Cabrerizo, F.J., Alonso, S., Herrera-Viedma, E.: A consensus model for group
decision making problems with unbalanced fuzzy linguistic information. Interna-
tional Journal of Information Technology & Decision Making 08(01), 109-131
(2009)

47



[39]

Garcia-Lapresta, J., Pérez-Roman, D., Falcé, E.: Consensus reaching processes
under hesitant linguistic assessments. Advances in Intelligent Systems and
Computing 322, 257268 (2015)

Wau, J., Chiclana, F., Herrera-Viedma, E.: Trust based consensus model for social
network in an incomplete linguistic information context. Applied Soft Computing
35, 827-839 (2015)

Morente-Molinera, J.A., Wu, X., Morfeq, A., Al-Hmouz, R., Herrera-Viedma,
E.: A novel multi-criteria group decision-making method for heterogeneous and
dynamic contexts using multi-granular fuzzy linguistic modelling and consensus
measures. Information Fusion 53, 240-250 (2020)

Bailey, K.D.: Social entropy theory: An overview. Systems practice 3(4), 365-382
(1990)

Akiyama, Y., Nolan, J., Darrah, M., Abdal Rahem, M., Wang, L.: A method
for measuring consensus within groups: An index of disagreement via conditional
probability. Information Sciences 345, 116-128 (2016)

Fiedor, J., Mazurek, J.: The evaluation of the entropy of decision makers’
preferences in ordinal consensus ranking problem. In: Proceedings of the 29th
International Conference on Mathematical Methods in Economics 2011, pp.
157-162. Professional Publishing, Praha 4 (2011)

Zhou, X., Zhang, F., Hui, X., Li, K.: Group decision-making method based
on entropy and experts cluster analysis. Journal of Systems Engineering and
Electronics 22(3), 468-472 (2011)

Lin, J.-L.: Numerical analysis of consensus measures within groups. Entropy 20(6)
(2018)

Xiao, F., Ding, W., Pedrycz, W.: On the maximum entropy negation of a complex-
valued distribution. IEEE Transactions on Fuzzy Systems 29, 1556-1570 (2021)

Xiao, F.: Quantum x-entropy in generalized quantum evidence theory. Informa-
tion Sciences 643, 119177 (2023)

Xiao, F., Ding, W., Pedrycz, W.: A generalized f-divergence with applications in
pattern classification. IEEE Transactions on Knowledge and Data Engineering
37(4), 1556-1570 (2025)

Gehrlein, W.V.: A comparative analysis of measures of social homogeneity.
Quality and Quantity 21, 219-231 (1987)

Gehrlein, W.V., Berg, S.: The effect of social homogeneity on coincidence proba-
bilities for pairwise proportional lottery and simple majority rules. Social Choice

48



and Welfare 9, 361-372 (1992)

Good, 1.J.: The number of orderings of n candidates when ties are permitted.
Fibonacci Quart. 13, 11-18 (1975)

Moivre, A.D.: The Doctrine of Chances; Or, A Method of Calculating the
Probability of Events in Play. W. Pearson, London (1718)

Bauer, H.: Probability Theory and Elements of Measure Theory. Rinehart Holt
& Winston of Canada Ltd, Canada Ltd (1972)

Stigler, S.M.: The History of Statistics. The Measurement of Uncertainty Be-
fore 1900. The Belknap Press, Cambridge, Massachusetts, and London, England
(1990)

Jacod, J., Protter, P.: Probability Essentials. Springer, Berlin, Heidelberg (2004)

Arrow, K.J.: Social Choice and Individual Values vol. 12. Yale university press,
United States of America (1951)

Beja, A., Gilboa, I.: Numerical representations of imperfectly ordered preferences
(a unified geometric exposition). Journal of Mathematical Psychology 36(3), 426
449 (1992)

De Baets, B., Kerre, E., Walle, B.: Fuzzy preference structures and their
characterization. The Journal of Fuzzy Mathematics 3, 373-381 (1995)

Roubens, M.: Fuzzy sets and decision analysis. Fuzzy Sets and Systems 90, 199—
206 (1997)

Fishburn, P.: Preference structures and their numerical representations. Theoret-
ical Computer Science 217(2), 359-383 (1999)

Espino, R., Martin, J.C., Romén, C.: Analyzing the effect of preference hetero-
geneity on willingness to pay for improving service quality in an airline choice
context. Transportation Research Part E: Logistics and Transportation Review
44(4), 593-606 (2008)

Decoster, A.J., Haan, P.: Empirical welfare analysis with preference heterogeneity.
International Tax and Public Finance 22(2), 224-251 (2015)

Norling, J.: Measuring heterogeneity in preferences over the sex of children.
Journal of Development Economics 135, 199-221 (2018)

Jiang, M.-Z., Fu, Q., Xiong, J.-y., Li, X.-1., Jia, E.-p., Peng, Y .-y., Shen, X.: Pref-
erences heterogeneity of health care utilization of community residents in china:
a stated preference discrete choice experiment. BMC Health Services Research
20(1), 430 (2020)

49



[66]

[67]

[68]

[69]

Pilli, L., Swait, J., Mazzon, J.A.: Jeopardizing brand profitability by misattribut-
ing process heterogeneity to preference heterogeneity. Journal of Choice Modelling
43, 100359 (2022)

Miller, G.A.: Note on the bias of information estimates. In: Quastler, H. (ed.) In-
formation Theory in Psychology: Problems and Methods, pp. 95-100. Free Press,
Glencoe, IL (1955)

Paninski, L.: Estimation of entropy and mutual information. Neural Computation
15(6), 1191-1253 (2003)

Ferreira Lemos Lima, C., Assis, F.M., Souza, C.P.: A comparative study of use of
shannon, rényi and tsallis entropy for attribute selecting in network intrusion de-
tection. In: 2011 IEEE International Workshop on Measurements and Networking
Proceedings, pp. 77-82 (2011)

Tverberg, H.: A new derivation of the information function. Math. Scand. 6,
297-298 (1958)

Arrow, K.: Social Choice and Individual Values, 2nd edn. John Wiley, New York
(1963)

Klahr, D.: A computer simulation of the paradox of voting. The American
Political Science Review 60(2), 384-390 (1966)

Fishburn, P.: The Theory of Social Choice. Princeton University Press, New
Jersey (1973)

Tideman, T.: Independence of clones as a criterion for voting rules. Social Choice
and Welfare 4(3), 185-206 (1987)

Tsetlin, 1., Regenwetter, M., Grofman, B.: The impartial culture maximizes the
probability of majority cycles. Social Choice and Welfare 21(3), 387-398 (2003)

Felsenthal, D.S., Machover, M.: The Measurement of Voting Power: Theory and
Practice, Problems and Paradoxes. Edward Elgar Publishing, London, UK (2008)

Balinski, M., Laraki, R.: Majority Judgment: Measuring, Ranking, and Electing.
The MIT Press, Massachusetts (2011)

Aziz, H., Brandt, F., Brill, M.: The computational complexity of random serial
dictatorship. Economics Letters 121(3), 341-345 (2013)

Diss, M., Kamwa, E.: Simulations in models of preference aggregation. Economia
10(2), 279-308 (2020)

Schrédinger, E.: What Is Life? The Physical Aspect of the Living Cell. Cambridge
University Press, Cambridge (1944)

50



[81] Wiener, N.: Cybernetics. MIT Press, Cambridge (1948)
[82] Aczél, J., Dar6czy, Z.: On Measures of Information and Their Characterizations.

Mathematics in Science and Engineering, vol. 115. Academic Press, New York
(1975)

51



	Introduction
	Heterogeneity preference measurements in the literature
	Approaches from Social Choice Theory
	Approaches from Decision-Making Theory
	Approaches based on Entropy Concepts
	Why Shannon Entropy for Measuring Preference Heterogeneity?

	Notation and starting hypothesis
	Heterogeneity preference measure: an approach based on Shannon entropy
	The entropy-based heterogeneity preference measure: properties and behaviour
	Necessary and sufficient conditions for the entropy-based heterogeneity preference measure

	Empirical and simulation analysis
	Case Studies: Real Elections
	Comparison with consensus- and distance-based dissent indicators
	Simulation experiments

	Conclusions, limitations and future research
	Acknowledgements

	Notation and summary of properties
	Proofs of properties in Subsection 4.1
	Proof of Subsection 4.2

